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Chapter 5 Duality

 Primal and Dual Problem Med’ldﬂ/r sSm

— Primal Problem
— Lagrangian Function
— Lagrange Dual Problem

Examples (Primal Dual Conversion Procedure) g)( W&‘L

— Linear Programming

— Quadratic Programming

— Conjugate Functions (Duality)
— Entropy Maximization

— Saddle-Point Interpretation

Interpretation (Duality) C‘lﬂ\ COFfS T 7/‘109/)’?'

— Geometric Interpretation
— Slater’s Condition
— Shadow-Price Interpretation

KKT Conditions (Optimality Conditions)
Sensitivity (Shadow-Price)
Generalized Inequalities
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Duality

Primal Problem (Feasible Solution)
min fy(x) X €ER"

s.t. fi(x)<0 i=1,...m domain D
hi(x)=0 i=1,..,p =dom f, N; dom f; N; dom h;

Opt: x*,p* = fo(x™) NATEHT

LagrangiWMP — R WWJL’ @ﬂﬁh& 017_(}
LG0T = fo(0) + Iy Aifi(x) + X vihi(x) 71/,0 CDGIS

A, v;: Lagrange multiplier, A;, € Ry, v; € R.
Lagrange dual function 0L Sha (e

g(4,v) = ;glf) L(x, A, v) (x may not be feasible)

IN&WM% X

Duality

Dual Problem (Infeasible Solution)

maxy, g(A4,v) s.t.A >0

1. g(A,v) is concave

2. g(A4,v) < p* anoptimal value where A > 0

Proof 1: By definition of g (4, v) and the convexity of pointwise max
operation on convex functions.

Proof 2: For any feasible ¥ and 1 > 0
fo(®) = L(%,1,v) (Because X, A;f;(X) + X v;hi(X) < 0)
L(% A, v) = g(A,v) by definition of g(4, v)

Thus p* = fo(x*) 2 g(4,v)



Example: Linear Programming

Prime: min ng; x
< — b <
subject to ;%ﬂ: {Ax_x ZB 0
Lagrangian

L(x,2) =c"x + 2] (Ax—b) = A;x
( ) = '—ATb +)§&L\~?£” + C) X, A],/‘l" 7 0 7£ﬂ/5 M‘ﬁ)
A) =infl
g infL(x, 4) NG —H«ﬂ Luel o

_ bTA], A /11 +c=>0 ATAI — /Lu ih
g = {—oo, otherwise g((A A @+ c+ 0) 56,«5&;46& T
ANtCc o= )\_1[ J
Dual: R 107/1
max —@A&mb A __)WIW)("U/\I m«nT b

subject to >0 < A7/\l >-C v /g,\,2~(

; A, =0
N0 WG A

2, =0

Example: Linear Programming
Prime: min{—1 — D[;C:]
subject to [1 3] [2] <@’ X,, X220

Dual: max —|[3 2] ]
Az

subject to ; (1)] ] [O]

A, 420
X 2 . 7
Results: [xl]: [1/3], pT=—:
,11]= [1/3] g7
Al 12737
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Tel =0
mincTx A 6‘[ j
subject to Ax =b, x =20, (gr —x < 0)
Lagrangian: L(x, 2, v) =Dx +{AT—x) + 7 (4x — b)

Example: Linear Programming I% {

= —bTv ¥ o)+ ATv £ )" T
Lagrange Dual: g(4,v) = inf L(x@ 1}’3/\"" A p-A=—C
L 1@y A O=0 ~ gQv)=-
2. Else - gQ@, v) = —
Properties: '
1. g is linear on affine domain {(4, v)|ATv — A + ¢ = 0}, hence
concave.
2. 220 2ATv+c>0
p*>—-b"v if ATv+c >0 @
max —bTv max bT@
ATv+cx0] ©°F ATv<c

Example: Quadratic Programming

min xT x
subjectto Ax =b

Lagrangian LAV AL LAY) )

L(x,v) = xTx + vT(Ax —b) 7 (“ 2

To mll’llleC L over x, we set V,L(x,v) = 2x + ATv =0
By v e
Lagrange Dual Function:

T. ,
o =1 (s =) < raary- iy, YIO) =Y b=

( A concave function of v ] - A ATU — b
Lower Bound Property: p* > ——vTAATv bT 2

To maximize g(v), weset v = —2(AAT) 1p £

Thus, we have g(v) = —%vTAATv —bTv =bT(4AT) b (2)

;s
x* = AT(AAT)" b
(3) From (1) and (2), we have {p* _ x*Tx* = bT(AAT)"1b

A (awon bowd.. "
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Example: Quadratic Program

Quadratic Program
minxTPx P €S},
s.t. Ax<b
Lagrange Dual Function: Y[(X )\) 2 FX "]L A )\ =0
g(2) = min xTPx + AT (Ax — b) 1 PAA
= —2ATAPTATA-b"2 , NZ0
Dual Problem:
max — - ATAP~1ATA - bT2
s.t.A>0

Example: Quadratic Program (nonconvex prob.)

min xTAx + 2bTx \
s.t. xTx <1 AESHAX%O0
Dual Function: | L(xA )= XA)(—(—D-EFKr{- >\[’(X )
g(1) = min xT(A+ADx +2bTx — 2 _ YTHY‘“ETK’/‘ )\[)éI)('/)
Unbounded below if A+Al X 00rifA+Al >0&b & R(A+ A
Minimized by x = —(A + AD*b
Otherwise g(1) = =bT(A + AI)*h — A
Dual Problem:

max —bT (A+ AD*b -2 max —t— A
s.t. A+AI>0 st [A+H b]>0
b € R(A+ AD) t

I _ +
[—((A+u)+b) ] + b” A +Iu) b] >0

[ 0 bT(A+/II)+b+t] 0 10

«




Example: Discrete Problem

Two-Way Partitioning Problem
Primal:

min xTWx x € R",w;; ER

s.t. xt=1 i=1,..,m

i.e. x; € {—1, 1}, xTWx = Zij XiXjWij
Not a convex opt problem (Partitioning is an NP complete problem)
We can assume that

westr (xTWx= %xTWx + %xTWTx = %xT(W + Whx)
Lagrangian:
L(x,v) = xTWx + ¥, v;(x%2 — 1) = xT(W + diag(v))x —I"v
Lagrange dual function:

gw) = igclfxT(W +diag(v))x —I"v ={

1Ty, W+diag(v) =0
—00, otherwise
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Example: Discrete Problem

Dual:
max g(v) = —1Tv
s.t. W +diag(v) = 0

Solution v = —Ay,in(W)1
p* = d* = —1Tv = ndyin (W)
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