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1. Introduction

Formulation: One of the most critical processes to conduct a

project.

min f,(x)

s.t. fi(x) <0 i
hi(X) =01

x € R™

DfO fO:Rn —> R

Dfi fl Rn - R

Dhi hi: Rn —> R

fo, fir -, fm are convex

1,..,m
1,...,» (Ax = b Affine set)

D =N;—om Df Ni=op Dy, Domain of functions, but not the
feasible set.

Feasible Set: The set which satisfies the constraints (is convex
for convex problems).



1.1 Introduction: Eliminating Equality Constraints

min fo(x)
s.t. ;(x)<0i=1,...m
Ax =D

a. Convert {x|Ax = b}to {Fz + x0|z € R¥}
b. We have a equivalent problem
min fy(Fz + xp)
s.t. f[;(Fz+x3) <0
Remark: Matrix F contains columns of null space basis



1.2 Introduction: Slack Variables

min fo(x)
s.t. ;(x)<0,i=1,....m
Ax =b

Add slack variables to convert to an equivalent problem
a. Convert the objective function with variable ¢
min t
s.t.fo(x) —t<0
fi(x)<0,i=1,..,m

ATx = b
b. Convert the inequality with variables s;
min fo(x)
s.t.fi(x)+s;,=0
ATx = b

S;ER,,i=1,...,m



1.3 Introduction: Absolute values and Softmax

a. Absolute values

i)l <b
= f;(x) < b and

—fi(x) < b

b. Maximum values

max{fi, f2, -, fm}

Softmax: %log (e*f1 + e%1 4 ... 4 e%/m)

Example: max{1,5, 10, 2, 3} = Softmax

1
—log(e® + e>% + e10% 4 2@ 4 030) ~ 10



2.1 Optimality Conditions: Local vs. Global Optima

Definition: Local Optima
Given a convex optimization problem and a point X € R"

If there existsar > 0
s.t. fo(z) = fy(x) for all z € Feasible Set,and ||z — k||, < r

Then x is a local optimum.



2.2 Optimality Conditions

Theorem: Given a convex opt. problem

If x is a local optimum, then X is a global optimum

Proof: By contradiction

Suppose that 3y € Feasible Set

s.t. fo(x) > fo(y)

We have f,(x) > (1 —0)f, (k) + 6f,(¥) (by assumption)
> fo((1 —0)x + 0Yy) (fy is convex)

And (1 — 0)x + 0y is feasible (Feasible set is convex)

The inequality contradicts to the assumption of local optima.



2.2 Optimality Criterion for Differentiable f,(x)

Theorem: If Vf,(x)"(y — x) = 0, for a given x EFeasible Set

and for all y € Feasible Set, then x is optimal.
(i.e.K = {y — x|y € feasible set}, Vf,(x) € K*)

Proof: From the first order condition of convex function, we
have fy(y) = fo(x) + V()" (y — x).

Given the condition that Vf{ (x)(y — x) = 0, Vy in feasible set.
We have f,(y) = fy(x), Vy in feasible set, which implies that x
is optimal.

Remark: VfJ (x)(y — x) = 0 is a supporting hyperplane to
feasible set at x.



2.2.1 Optimality Criterion without Constraints

Theorem: For problem min f,(x), x € R™, where f; is convex,
the optimal condition is Vfy(x) = 0.

Proof: (Vfy(x) = 0 = Optimality)
Since fo(y) = fo(x) + Vf(x)' (y — x),Vx,y € R™ (first order
condition of convex function)

We have f,(y) = fo(x).
Therefore, x is an optimal solution.

(Vfy(x) = 0 & Optimality) By contradiction
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2.2.2 Opt. with Inequality Constraints

Problem: Min f,(x)
st Ax < b,A € RM*"

Suppose that Ax = b (one particular case).
Letx = x + u.
min f, (X + u)
Au <0

Opt. condition: Vfy(x)"u = 0, V{u|[Au < 0} =K
In other words,

Vfy(%) € K* of K = {u|Au < 0} and K* = {—ATv|v = 0}
ie. Vfy(x)=—-A"v,3v € R

Vip(X)+ATv =0, v=>0.

We can write {
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2.2.3 Opt. with Equality Constraints

s.t. Ax = b
Letx = x +uand Ax = b,
we have {mmfo(x +u) ,K = {u|]Au = 0}
Au=20
Vfy(x) € K*, K* = {ATv|v € RP}
Vfo(f) +ATU — O

Let K; = {u|Au = 0}
K,= {u|—-Au = 0}
Ki N K, = {ulAu = 0,—Au = 0}
We have
(K1 N Ky)* = {A"v; + (=A)"v;|vy, v, 2 0}
= {ATv|v € RP}

{ min fy (x)

12



2.2.3 Opt. with Equality Constraints: Example
min f (x) = xi + x5

s.t. [21] [2] =3

We can derive x* = (x],x5) = (g,g)

Vi(x*) = ink] = , Vi(x®) + ATv =

*
25

(9o

] 1
c.nloxcn|§
L []

] 1
mloxml@
L 1

New Problem:

2x1 A _
Vf(x) +ATv =0 R 2x2] T [1- v="0
Ax =D X1]

(2 1] [xz_ =3
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2.3 Quasiconvex Functions

f:R™ — R is called quasiconvex (unimodal)
sublevel set S, = {x|x € dom f, f(x) < t}
If its domain and all sublevel sets S;, Vt € R are convex,
f:R™ — R is called quasiconcave if —f Is quasiconvex.

f(x) quasiconvex and quasiconcave -> quasilinear

Ex:logx,x € R,

14



2.3 Quasiconvex Functions

Ex: Ceiling function
Ceil(x) = inf{z € Z|z > x} : quasilinear

EX: f(xq,x2) = x1%, =§[x1 X2] (1) (1)] [ ]

is quasiconcave inR:, S, ={x€ R+|x1x2 >t}
Ex: f(x) = - erbforc x+d>0

cTx+d
= {x|cT x+d>0 alx +b <t(c'x + d)}
open halfspace closed halfspace
> S; Is convex (t Is given here)
S Flx) is quas.iconvex
quasiconcave

} —> quasilinear

15



2.3 Quasiconvex Optimization

min f,(x) (f, (x) is quasiconvex, f;'s are convex.)
s.t. f;(x)<0,i=1,..,m

Ax =0D>
Remark: A locally opt. solution (x, f,(x)) may not be globally opt.
Algorithm: Bisection method for quasiconvex optimization.
Givenl <p*<ue>0

Repeat 1.t = (I +u)/2 Find a _
2. Find a feasible solution x: convex function
S.t.P(x) S0(fo(x) <t © D (x) <0)
fi(x) <0
Ax =D

3. If solution is feasible, u = t,elsel =t
Untllu —1 < €
Ex: f(x) = % <t - p(x)—tg(x) <0 (pisconvex & qis

concave)
16



3. Linear Programming: Format

General Form :
T

minc' x
s.t. Gx <h, G € R™" A € RP*
Ax = Db

Standard Form :

min c’ x

s.t. Ax =0b

x =0

Remark: Figure out three possible situations
1. No feasible solutions
2. Unbounded solutions
3. Bounded solutions
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3. Linear Programming: Cases

min cx

s.t. Ax =
(1) No fea5|ble solutions: b € R(A) (b is not in the range of A)

o ol

(2) Unbounded solutions: b € R(A) but ¢ & R(A")
e.g.min[1 1] [iﬂ

11 2] [;C;] = 2 (The solution = —)
(3) Bounded solutions: be R(4), ¢ € R(A")

e.g. min[1 1] 'X1]

2l =

Thus x* = ]f(x)—l 1] ]—2 18




3. Linear Fractional Programming

_ : cTx+d T
P1l: min f,(x) = Trtf dom f, = {x|le'x + f > 0}
s.t. Gx < h
Ax =b
_ _x 1
P1=>P2: Lety = Trir’ %= oTxes

P2: mincly + dz
s.t. Gy—hz<0
Ay —bz =0
ely+fz=1
z=0
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4, Quadratic Opt. Problems (QP)

QP: min%xTPx +qlx+r
s.t. Gx<h
Ax =Db
P e St G eR™™" A€ RPXM
QCQP : (Quadratically Constrained Quadratic Program)

1
mlnszPox +qlx +7,
1 .
s.t. SxTPax+ gix+1;,<0,i=1,..,m

Ax = b
p,esti=01,..m
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4. Quadratic Opt. Problems (SOCP)

SOCP : (Second-Order Cone Program)

min fTx
S.t. ||Al-x +b,;||2 < c{x+ di,i=1,..,m
Fx =g

SOCP: (Ax + b,c"x + d) lies in the second order cone
{Ol|yl], <ty € R¥)

QCOQP viewed as SOCP

QCQP constraint: xTATAx + bTx +c < 0

can be expressed as a SOCP constraint:

1+bTx+c

2
Ax

<(1-b'x—-10¢)/2

2
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4. Quadratic Opt. Problems (SOCP)

SOCP : (Second-Order Cone Program)
min fTx
s.t. ||Ax+b|| <clx+d;,i=1,..,m

Fx =g 5 HE il

Example: SOCP constraint: S

sz H < 2x4 + 1, feasible region,

|:|||x||2 1

2%+




4. Quadratic Opt. Problems (SOCP)

SOCP : (Second-Order Cone Program)

min fTx
s.t. ||Al-x+bl-||2 <clx+d;,i=1,..,m
Fx =g

SOCP: (Ax + b,c"x + d) lies in the second order cone
{Ol|yl], <ty € R¥)
SOCP viewed as a Semidefinite Program Problem
SOCP constraint: ||Ax + b||, < c"x +d
can be expressed as a Semidefinite Program constraint:
(cTx+d)I Ax+Db

=0
(Ax + b)) c"x+d
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5. Geometric Programming

K

f(x) = Z Crxy a2 LxmE

k=1
Each term is called monomial

f (x) is called posynomial

Geometric Program:
min f, (x)
S.1.
fix)<1l,i=1,..,m
hi(.X') =1,i =1, ey P
x>0
f;s are posynomials
h;s are monomials

Cr > O,Clik (S R,x (S R:_l+

24



5. Geometric programing in convex form

monomial f(x) = cx;*..x,", x € R},
log f(e¥1,...,eY") =aly+b, b=logc

polynomial f(x) = XK_; ciex ... x, 7k

log f(e¥ ...e¥n) = log YX_, ey +Dk b, = logcy

Geometric program transform
min log(ZI,fil e“gk“bok)
: T
subject to logzlglzleaikﬂbik <0,i=1,..,m
Gy+d=0
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6. Generalized Inequality Constraints
min fo (x)

S. . fl(X) sKi 0
Ax =0b
(x <gy - y—x€K)

Semidefinite Programming (SDP)
T

minc' x
S.t. x1F1 +"'+ann+G < O
Ax =D

G,Fy, .., E, € S A e RpX
Standard Form SDP
min tr(CX)
S.t. tT(AlX) — bi' [ = 1, ey P
X>=0
C,Ay,..,A, €S, X €S"
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Summary

(1). LP c QP € QCQP c SOCP c SDP

(2). Software Tools (Examples)

CVX: Matlab software for disciplined convex (Boyd)
CPLEX: IP, LP, QP, SOCP (IBM)

Gurobi: LP, QP, MILP, MIQP, MIQCP (Gu, Rothberg, Bixby)
(3). Check if the problem is convex
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Summary

(1). Format of the formulation
a. Follow the format of the solver (software package)
b. Find equivalent formulation for simpler approaches
(coding, complexity, accuracy)
(2). Feasibility of the solution
Check if the feasible set is not empty.
(3). Boundness of the solution
Check if the solution is bounded
(reasonable, not —oo)
(4). Optimality of the solution
Check the supporting hyperplane of object function
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