3. Operations that preserve convexity: minimization

Theorem: Partial minimization
If g(x,y) is convex in x and y, and a set C is convex
Then f(x) = melg g(x,y) is convex.
y

Proof: Let y; € {y| ming(x,y)} andy; € {y|min(g(x,, y)};

we can write

0f (x1) + (1 —6)f(x3)
=0g(x1,y1) + (1 —0)g(x2,y2)
>g(@x;+ (1 —0)x,,0y, + (1 —0)y,) (g is convex)
= r;lei?g(exl + (1 - 0)xz,y) (C is convex)

= f(0x, + (1 —0)xy)
i.e.wehave 0f (x1) + (1 —60)f(xy) = f(0x; + (1 — B)x,)
Therefore, f(x) = 1;161? g(x,y) is convex.
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3. Operations that preserve convexity

Examples for Partial Minimization
Given f(x,y) = [x" y"] [BT C] [y]
x €R",ye R™AeS" CeST, [;T lg] e SHtm

Let g(x) = min f(x,y) = xT(A— BC*BT)x,
y

C*:pseudo inverse of matrix C. (Drazin inverse, or )"1
generalized inverse) RO
"0

We can claim that function g(x) is convex. | @DT
Proof: C - D

(2) y € R™ where R™ is a convex non-empty set

- T - ‘/\2'
(1) f(x,y) is convex C l =D Z+DT 2 ’[

(3) Therefore, g(x) is convex, i.e. A— BC*BT > 0 4%//
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Lt k()= Xhx+2BY + g'sxt flcy

\//ug/) =2¢Y + 2B% =0

= Y —a B

Thid.. we haue

g (x) = XA+ X' B (f— o) + () B x

+ (=C'gx) 'c(=c'8'x)

= X'(A-BCB )x

4.20




3. Operations that preserve convexity

Composition:
Given g:R™ - Rand h:R - R,we set f(x) = h(g(x))

fis convex if g convex, 4 convex, h nondecreasing

g concave, 4 convex, h nonincreasing
fis concave if g convex, & concave, h nonincreasing

g concave, 4 concave, h nondecreasing
Proof : for n=1

f'() =h"(g(x))g’ ()% + h'(g(x))g" (x)

Ex1: exp g(x) is convex if g is convex
Ex2: 1/g(x) is convex if g is concave and positive
Note that we set h(x) = oo if x & dom h, h is convex

h(x) = —oo if x & dom h, h is concave )

3. Operations that preserve convexity

Show that h(g(6x + (1 — 0)y)) < 0h(g(x)) + (1 — O)h(g(»))
for the case that g, 4 are convex, and h is nondecreasing

(1) g is convex

gx+ (1 -6)y) <0g(x)+(1-6)g9()
(2) h is nondecreasing: From (1), we have

h(g(6x + (1-6)y)) < h(6g(x) + (1 -0)g(»))
(3) A is convex ‘

h(6g(x) + (1 —0)g(») < 0h(g(x) + (1 - O)h(g())
(4) From (2) & (3)

h(g(0x + (1 - 0)y)) < 6h(g(®)) + 1 — O)h(g(»))
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4. Conjugate Functions

The setting of conjugate functions starts from the
following problem (which may not be convex)

min f(x)
subject to

x<0 adrn)
. g Sl/l Tq/\ uﬂ] \QY
We convert to a function of y Vv LA . awﬁe n %7
inf f0) —y"x )
X
The conjugate function is

)= sup y'x = f(x)

In the class, we interchange min and inf; max and sup to
simplify the notation.

o\f
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4. Conjugate Functions (j@“L(( @’)\W )
Given f:R™ - R, we have f*:R" - R

ff)= sup y'x—fG) (=f*(y) = min —yTx+f X))

xedom f

Constraint: y € R™ for which the supremum is finite (bounded

mox(VAU) 3

f*(y) is called the conjugate of function f

Theorem : f*(y) is convex (pointwise maximum) < Mo \/7L
Proof : £(6y; + (1= 0)y,) = sup(9y1 + (1 = 6)y;)"x — f(x) o (/(
< sup (Ble x ¢ 0f (x)) Fsup((1 - 0)y3 x — (1= 6)f(x)) =7

= 0700 + (L~ 05 \/-[ ! j ut[‘;
* : . . —_ ,2

Remark: f*(y) is convex even if f(x) is not convex



4. Conjugate Functions

Suppose we have a pair %, ¥, such that f*(¥) = y7x — f(%),
we can show thaty =V, f(X) (exercise 3.40)
And the supporting hyperplane : y7x — h = f*(¥)
5T -] =
Ex. f(x) =x?>—2x, x€R
f(y)—supyx x? +2xyER _)C(x)

U)%‘%: ﬁi-—‘-l

) £p= e
A | B[
ol 1T+ |-
| Va4 | W4 .
alol ol o d="

4. Conjugate Functions

One way to view conjugate function

f*)= sup y'x—f(x) %W—f(x):%ﬁﬁ%o

xedom f

x : negative slack
-y : shadow price (loss) to accommodate the slack

f () : balance between price slack product (y” x) and objective
function f (x).

Remark: When f*(y) is unbounded, the shadow price y is not
reasonable.
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4. Conjugate Functions: Examples (single variable)
Ex: f(x) =ax+b, x€R

67 B
fro) = Sgp(yx —ax —b) QC(X) =6 x+ 6

f [
) Ify # a,f*(y) = o f(6) = 6)({9%);;&;»1)
DIy =af'() = —b > dom f* = a,f*(y) = —b

/£

f =) )
b oA K
N

27

4. Conjugate Functions: Examples (single variable) /L\\ 7[’0() 7
\ /

Ex: f(x) = —logx, x € R,

\ )
f*®) = sup yx + logx \ \
XER44

(DIfy =0, f*(y) = T~ /‘7
) Ify <0, f*(y) = maxxy + logx .
XER44
Let g(x) = xy + logx, g'(x) =y +i 1(7<0

Ifg'(x) =0,x = —%

Thus, £*(y) = —1 + log (~ %) = —1—log(~)
2 dom f*=-R,,, f*(y) =—-1—log(—y)
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4. Conjugate Functions
Ex: f(x) =e*, x €ER
ff) = SUp Xy = e”
Dy<0:f*(y)=o
Qy>0:Let glx) =xy—e*> g'(x) =y —e*
If g'(x) = 0, then x = logy
Thus f*(y) = ylogy —y
BG)y=0:f"(y) =0>domf* =Ry, f*(y) = ylogy —y

Therefore, we have /N ex /
f*(y) = ylogy —y, where y 2 0. % X

/ 7 X

4. Conjugate Functions
Ex: f(x) = xlogx, x €R,, f(0)=0
f*(y) = sup xy — xlogx

Let g(x) = xy —xlogx > g'(x) =y — logx — 1
Suppose g'(x) = 0, we have y = 1 + logx orx = ¥ ™1
Thus f*(y) = ye¥ ™' —e¥ " 1(y —1) =e¥"! where y € R
A CX[””'X
q

™~




4. Conjugate Functions

Bx: f(x) = 2x"Qx, x € R",Q € ST,
fr) = supx’y - ~xTQx
Let g(x) = xTy — %xTQx > Vg(x)=y—Qx
If7g(x) =0, we have x = Q~ 1y

Thus, f*(y) = y7Q"ly
Remark: Suppose that f*(¥) = yTx — f(X) and V2f(¥) > 0
We have Vf*(¥) = x and V2f*(5) = (V2f (3?))_1 (exercise 3.40)

g (6
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4. Conjugate Functions 7&'% )= s ?(m (j “7(\’ X)

Basic Properties

L |
D) fG)+f ) 2Ty 2 A~ 7x
Fenchel’s inequality. Thus, in the above example N 7E ( 70 . ff(g ) > X—rg
xTy < %xTQx + %yTQ‘ly, Vx,y € R",Q € ST, x

(2) f™ = f,if fis convex & fis closed (i.e. epi fis a closed set)
(3) If fis convex & differentiable, dom f = R™

For maxy”x — f(x), we have y = Vf(x*)

Thus, f* ()= 2"T7f(x") = f(x"), y = Vf(x")

h
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4. Conjugate Functions
Ex: f(x) = log ¥z e™  f*(y) = Xi-, yilogy;
n exi

fr)=supy’x—f(x) = supyTx — log ¥},
X X
Let g(x) = y"x — log ¥, ™

ag(x) _ e*i
ax; i Y, e’
exi . T
Thus, Vi = m, re. 1 y = 1

(1) 1Ty # 1 - unbounded
(2) y; < 0 = unbounded

Q) ") =Xk yilogy;, y=01Ty=1
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5. Log-Concave, Log-Convex Functions
Log function : logf(x), f:R™ - R,f(x) > 0,Vx € dom f

Suppose fis twice differentiable, dom f is convex.

1
S TF OV

72logf (x) = —V2f(x) —

fx)
Then
f1s log-convex iff Vx € dom f

fOIVEf() 2 VF()Vf ()T

f1s log-concave iff Vx € dom f

fFOIVEf() S VFIVF ()T
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5. Log-Concave, Log-Convex Functions
f+R" >R, f(x) >0,Vx edomf

Definition: If log f is concave, f'is log-concave.
Definition: If log f is convex, f'is log-convex.
Ex: f(x) =a"x + b, dom f = {x|aTx + b} : log-concave
f(x) =x% x€R,,, a<0:log-convex
a > 0 : log-concave

f(x) =e** :logconvex & log-concave
1 X _“_2 . < . . .
flx) = = J_. e 7 du : cumulative distribution function of

Gaussian density log-concave

VT Y1
AN C ) : log-concave

f()_m
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5. Log-Concave, Log-Convex Functions

Properties

1
V2logf (x) = = )sz( )_f( 2 Vf V)"

FOIVAf(x) = VF(x)Vf(x)T, Vx € dom f : log-convex
FOOVEf(x) S VF(x)Vf(x)T, Vx € dom f : log-concave
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