1.3 Views of Functions and Related Hyperplanes

Given f(x),x € R™, we plot the function in R™ and R™** spaces.

1. Draw function in R™ space
Equipotential surface: tangent plane Vf(%)"(x — %) = 0 at ¥

2. Draw function in R™*? space
2.1 Graph of function: {(x, h)|x € dom f,h = f(x)}

hyperplane (h = Vf ()T (x — %) + f (X)) ’
e —1{[3] = [r]) =0 M)Z%m %W
(%) P%

Example: f(x) = x2. We show the hyperplane with Vf
2. 2raph epi f: {(x,t)|x edomf,f(x) <t}

Afunction is convex iff its epigraph is a convex set.
Example: f(x) = max{f;(x)| i = 1...r}, fi(x) are convex.
Since epi f is the intersect of epi f;, epi f is convex.

Thus, function f is convex.
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2. Conditions of Optimality: First Order Condition % X
Defintion: f is differentiable if domf is open and
Vf(x) = (agix) Y ix), .,aafT(:))T exists at each x € domf X
Theorem: Differentiable f with convex domain is convex F(ﬂ

iff F(y) = f(x) + V()T (y — x),Vx,y € domf

Proof => If f is convex
Then Of ) +tf) = f(QL)-x+ty),vo<t<1

t[f () = FO] = f(x+ t(y — x)
fO) = f@) =< (f(x+ &y —x)) = F()
=Vf(x)(y —x) whent -0
<=Given f(y) = f(xX) +Vf(x)"(y — x),Vx,y € domf

Letz=(1—-t)x+ty
@@+ 7@ -2 (D) <] ygpeliez)
| fO2f@D+Vf2)"'(y-2) {jf + tV 7(377_)
Thus (1 = t)f(x) +tf (y) = f(2)
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2. Conditions: Second Order Condition

Definition: f is twice differentiable if domf is open
and the Hessian V2f(x) € S™

V2f(x) = gxfa(i) i,j =1,..,nexists at each x € domf

Theorem: Twice Differentiable f with convex domain is convex
iff V2f(x) > 0,Vx € domf
Proof: Using Lagrange remainder, we can find a z
fx+t(y—x)) ,
= f+ VO tly =) +5t2(y =)'V (D) — ),
VO <t<1,zisbetweenxandx + t(y — x)

Since the last term is always positive by assumption, the first order
condition is satisfied.

2. Conditions: Second Order Condition

Example: Negative Entropy: _blnp
X f(x) =xlogx,x € Ry, 2 {)2 F‘
1

X
f'(x) =;+logx =1+logx,f"(x) =-

Since x € Ry, f"'(x) > 0 = f(x) is convex
Show the plot of x log x

Remark:

* 1%t order condition can be used to design and prove the
property of opt. algorithms.

* 2" order condition implies the 1% order condition

* 2 order condition can be used to prove the convexity of
the functions.



2. Conditions: Examples
* Quadratic Function: f(x) = %xTPx +q"x+71r,P €S
Vf(x)=Px+gq, V?f(x) =P

* Least Square: f(x) = ||Ax — b||3
Vf(x) =247 (4x — b) V2f(x) = ATA

* Quadratic over linear: f(x,y) = —, y>0

YIX Y >0X>0
2. Conditions: Examples

Log-sum-exp: f(x) = log Y %-; e*k (Smooth max of softmax
function)
Vif(x) = 1lediag(z) - (—1T12722T,zk = e*k
(X, Zi)(2?=1 Uizzi) - QL viz)*]1 20,
for all v € R™ (Cauchy-Schwarz inequality)
Thus, f(x) is a convex function 5 6(;} % b{‘ = ( %— 0 b/@z
v

1
vIV72f(x)v = RUBE

Cauchy-Schwarz inequality: [(a"a)(b"b) = (aTh)?, a; = yZ;, b; = viV7]
T T
Proof 1;: Letz = a—g—b ora —z+ﬁb
We have
(a"h)? (a™b)? (a"h)?
— b > T
ala=7z Z+(bTb)2b > (bTb)Zb b = »Th

Proof 2: By induction



3. Operations that preserve convexity

* Nonnegative multiple: af, where « = 0, f is convex
 Sum: f; +f,, where f;,and f, are convex

« Composition with affine function: f(Ax + b), where f is é j[\ [ g ) / y:AK‘fbg

convex
Proof: VZf(Ax +b) = ATV f(y|ly = Ax + b)A

E.g. f(x) = = Z1; log(b; — af x;),
dom f = {x|a] x < b;,i =1, ...,m}
f(x) = |[Ax + b|| (if f is twice differentiable)

RS AgfAT 1l w foo)

fg- > %ﬁa 2 V%J%
Ft) = XBAX "\
vf®) =2Ahx W fl)=24h

P
- ~%X
3. Operations that preserve convexity 7%() [X(é J(\ (x) A
* Pointwise maximum: f(x) = max{f; (x), ..., f(x)}, f; are ﬁ ()= ﬁﬁjz

convex CMWM& - a/({u (wﬂu@x%ﬂ@f” M
P

¢ Pointwise supremum:

glx) = sup f(x,y), where f(x,y) is convex in x and C is 66771/%
iay s > e
* Sc(x) = sup yTx, for an arbitrary set C temoeX
c f(x) = sjlliepcllx — y||, for an arbitrary set C
Amax (X )y€=c Sup y'Xy, Xesm
2
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3. Operations that preserve convexity: Dual norm

) 1 Xz 4
xample:
flx) = max yTx :”ZHQ_ / /%0
yll2=1 i1, 7#'
\ “A “‘/762
fx) = ax y'x =”%Hm /
yllz=1 '
. -1 I i “
f(x) = ||31}ﬁ§}s(1yTx =(/X” % AN _,/>§
_L-.f/’ = = \\Q\ . l
Z°P or §TP K

3. Operations that preserve convexity: max function

Theorem: Pointwise maximum of convex functions is convex

Given f(x) = max{f; (x), f,(x)}, where f; and f, are convex

and dom f = dom{f;} N dom{f,} is convex, then f(x) is

convex.

Proof: For0< 6 <1, x,y€domf

fox+ (1 -6)y)
= max{f,(6x + (1 - 0)y), f,(6x + (1 - 8)y)}
<max{0f;(x) + (1 - 0),(¥), 6f2(x) + (1 — 6)f,(¥)}
< O max{f1(x), f2(x)}+ (1 —0)max {f,(¥), ()}
=0f(x)+ (1 -0)f(y)

ie. f(x+(1-0)y) <0f(x)+ (1 —-0)f(y)

Thus, function f(x) is convex.



3. Operations that preserve convexity: minimization

Theorem: Partial minimization
If g(x,y) is convex in x and y, and a set C is convex
Then f(x) = mm g(x,y) is convex.
Proof: Let y, € {yl min g(x1, )} and y; € {y| min(g(xz, »)},

we can write

0f (x1) + (1 —6)f (xz)
=09(x1,y1) + (1 —0)g(x2,y2)
>g(0x;+ (1 —0)x,,0y; + (1 —0)y,) (g is convex)
> I)lllei?g(exl + (1 —6)x,,y) (Cis convex)

= f(0x; + (1 — 0)xy)
i.e.wehave Of (x1) + (1 —6)f(x;) = f(Ox; + (1 — B)x,)
Therefore, f(x) = r;lelg g(x,y) is convex.

3. Operations that preserve convexity

Examples for Partial Minimization
: A B1[¥
— [T T
leen f(xl y) - [x y ] [BT C] [y]
x €R™y€R™ A€SCeSM [;T ] € sntm
Let g(x) = min f(x,y) = xT(A — BC*BT)x,
y

C*:pseudo inverse of matrix C. (Drazin inverse, or
generalized inverse)
We can claim that function g(x) is convex.
Proof:
(1) f(x,y) is convex
(2) y € R™ where R™ is a convex non-empty set
(3) Therefore, g(x) is convex,i.e. A— BCTBT = 0

20
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