CSE203B Convex Optimization:
Lecture 3: Convex Function

CK Cheng
Dept. of Computer Science and Engineering
University of California, San Diego
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1. Definitions: Convex Function vs Convex Set

Theorem: Given S = {x|f(x) < b}

If function f(x) is convex, then S is a convex set.
Proof: We prove by the definition of convex set.
Forevery u,v € S,i.e.f(u) < b, f(v) < b,

We want to show thatoau + fv € S, Va+ 8 =1,a,8 = 0.
We have ﬁx)'ﬁ“

flau + Bv) < af(w) + Bf(v) (f is convex) \

< ab + Bb (@B =0) bt
=(@+p)-b=b (@a+B=1)

Thus au+ v €S U

Remark: Convex funct%)n => Convex Set %
g :Z'X f(X)<bh => Convex Set
X f@)ij =(?)
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1. Convex Function Definitions: Examples

f:R™ = R is convex if dom f is a convex set and
flx+(1-0)y) <0f(x)+ (1 -0)f(y)
Vx,y Edomf,0<0<1
Example on R: ]C(X)
N

Convex Functions i
Affine: ax +bonR foranya,b € R {N(*bj Xé@}
Exponential: e?* foranya € R
Power: x*onR,, fora>1lora<o0 67(
|x|P on R forp=>1 4 F

Concave Functions __,,_*,\e’ —— _
Affine: ax+bonR foranya,b €R 51{
Power: x*onR,, for0<a<l1 e
Logarithm: logx on R,, — M oY 6k & % X

ln erse ﬁmc’f. 6][ axr 4 50 /V na
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1. Convex Function Definitions: Examples

Example on R™:

Affine: f(x) =a’x+b |

Norms: ||x ||, = (Xi=1lxP )/ forp = 1;
x|l = max | |

Example on R™*™:
Affine: f(X) = tT(ATX) = {Zl Z?:l Al-jxl—j
Spectral (max singular value):

fFX) = 11Xz = OmaxX) = (Anax XTX))1/2



1. Convex Function Definitions: Examples

K K

Concave Functions:
Log Determinant: f(X) = logdetX,dom f = S}, X X
Proof: Let g(t) = f(X +tV) (V€ S™)

g(t) = log det (X + tV) = logdet X + logdet(l + t@

A eigenvalue ofX 2VX 2
g is concave int = f is concave %@ﬁ A b Lgﬁ&fFLﬁj .JQ
Lt A B =det A det B
I
= —T >\ N
A X <L{ A

Convex function examples: norm, max, expectation (% ) Hi ”
norm: If f: R > Risanormand0 <6 <1 ”

fAx+ (A -0)y) <f(Ox) + f((l B)y) triangle lncqualm
=0f(x)+ (A —-0)f(y) scalability ( [ J) 5‘

- Max function: f(x) = maxx;,x = [x1, %5, oo, X ]T MM{ J
f(6x + (1 - 6)y) = max (6x; + (1 - 6)y;) w(ﬁw l/ﬂv M{J} 7

< Omiaxxl- +(1- B)maxyl

=0f(x)+ (1 - H)f(y) for 0 < 9 < 1
Probability: (Expectation)
If f (x) is convex with p(x) a probability at x,

ie.p(x) =0,Vxand [p(x)dx =1

Then f(Ex) < Ef(x),
! wher{: Ex—fx \_~>Z(() (X)?Q 26 XA
EfG) = [F@p@dr " < £t ) > 76f)

Z 6L 2 F (2o



1.3 Views of Functions and Related Hyperplanes

Given f(x),x € R™, we plot the function in R™ and R™*? spaces.

1. Draw function in R™ space
Equipotential surface: tangent plane Vf(%)T(x — %) = 0 at ¥

2. Draw function in R™*? space
2.1 Graph of function: {(x, h)|x € dom f,h = f(x)}

hyperplane (h = Vf (%) (x — %) + f(¥))
rre" -1([7] -] &)l =0 %}fm

Example: f(x) = x?. We show the hyperplane with Vf (x)
2.2raph epi f: {(x, t)|x €Edom f, f(x) < t}

ATunction is convex iff its epigraph is a convex set.
Example: f(x) = max{f;(x)|i = 1...r}, f;(x) are convex.
Since epi f is the intersect of epi f;, epi f is convex.

Thus, function f is convex.

2. Conditions of Optimality: First Order Condition

Defintion: f is differentiable if domf is open and

Vi(x) = (af(x), agix), af( ))T exists at each x € domf X

Theorem: leferentlable f W1th convex domain is convex
iff f(y) = f(x) +Vf(x)T(y —x),Vx,y € domf F(ﬂ

Proof => If f is convex
Then Ofx)+tfy)=f 1—t)x+ty),VOStSl

tlf ) — fO] = f(¥+ t(y — x)
fO) = f@) 2 (f(x +tly - 0)) = F()
=Vf(x)(y—x) whent -0
<=Given f(y) = f(x) + Vf(x)T(y — x),Vx,y € domf
Letz=(1—-t)x+ty X
e {f(x) > f(2) + V(@) (x~2)
| fON=2f@+Vf(2)"(y-2)
Thus (1 —t)f(x) +tf (¥) = f(2) 10 W3R
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