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2. Convex Set: Terms and Definitions
Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq, uy, -+, u; € R™,
function f(u, 0) = 6,uy + O,uy + - + O uy
and two conditions 7 0,460, + -+ 6, =1

2. 0;=20Vvi

L. {f(u, 8)| condition 1}: Affine set AX = b
I1. {f(u, 8)| condition 2}: Cone
I1. {f(u, ©)| conditions 1 and 2}: Convex hull & U .'f'@?/ >

Ex1:0,uy + Oup = uy + 05(uy —uq) (9, ‘:f“'ez) 6,,8) z0
1 e

Ex2: 91u1 + 92U2 + 93'”,3

2. Sets and Definitions: Hyperplanes o N
Ex : 3 variables
{x|aTx =b}, aT = (1,1,1), b=6 P X,

Ex : 4 variables -
{x|a"x = b}, a" = (1,1,1,1), b=6 X,
(1) degrees of freedom : n — 1 (R™).
(2) all vectors (x — y) are orthogonal to direction a, i.e.
a’(x —y) =0, Vx,yinthe hyperplane X 2 O

Proof: 6’M aTX :b, afa—,b
Then A (X-4)=b-b=0

Exercise: Conceptually (visually) construct hyperplane.
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2. Sets and Definitions: VI Hyperplane and Half Spaces
qAX=0, A<0
or {x|a”(x — xy) = 0},forany x, € R™,a € R",b € R
Half Space {x|a’x < b} a € R™b€R
or {x|a”(x — xy) < 0}
Ex: {x|xy +x, =1} or {x| [1,1] ([2] - [gg ) =0}

or{x|al(x —x,) =0}, a"=[1,1],b =1,x, = [2,—1]

Hyperplane {x|a"x = b},a € R®,b € R

For many applications, we standardize the expression:
aT = b
lallz™ llall;

normalize the expression:

2. Sets and Definitions: Hyperplanes

Hyperplane : as an Equal potential of cost function

minfy(x) = cTx

e.g.(1,2] [2]

dfo(x) _
0x, =1

0fo(x) _
0xy =2

e X
Vector c is the sensitivity or cost of vector [x;]
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2. Sets and Definitions

Hyperplane : as a linearized constraint
aTx < b,x €ER"

e.g.[1,2] [2] <10
Remark :

* Hyperplane is one key building block of convex optimization.
(theory, algorithms, applications for machine learning, deep
learning, ...)

* Each hyperplane separates the space into two half spaces.

¢ Ifn = p, p hyperplanes can separate the space intg_z_f
disjoint regions.
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2. Sets and Definitions

VI. Matrix Space : Positive Semidefinite Cone

(ke
S,woé-»

OSs"={XeR™"|X = XT}CSymmetric Matrix ‘H‘QM vah)

@St={Xesx >0}
ST, ={X€S"X >0}

i.e. yTXy > 0,vy
i.e. yTXy>0,vy#0

notaki m.

[a b]X [Z] = a?x + b%z + 2aby > 0,Va,b € R RT

X
Ex:Xz[y Z]ESE@xZO,zZO.szyZ

R—.
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2. Sets and Definitions

V. Polyhedra (plural) : Poly (many) Hedron (face)
P = {x|Ax < b,Cx = d}

al T
a=|% c=|
ah, 5
m ‘
W (1
m ha%‘i{?ad’[ ( ) ht(/'; b LN
= d=1

2. Sets and Definitions

Ex:X=[; g]ESE@xZO,ZZO,szyz R[b]’i(: J
[a b]X [Z] = a’x + b%z + 2aby > 0,Va,b €R
Proof: LetR = [(1) —xl"ly ]
We have [a b]X [Z] =[a b]R‘TRTXRR"1 [Z]
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3. Separating Hyperplane 3. Separating Hyperplane

{x|a"x = b} (Classification, Optimization, Duality) Proof: Vv € D,a"v > a”d should be true
Theorem : Given two convex sets C N D = @ in R™ By contradiction, suppose that a”v < a”d
Ja€R™MbER, s.t.aT™x<bhVx€eC Then we can show that d + t(v — d) is close to ¢ for t > 0

a’x 2 b,Vx €D Because & [|d + t(v — d) — c|3 = 2(d — ) (v - d) < 0 (77 0)

ooz |
Actually,a =d —c,b = %zui ZfW)Ci’f‘ C) We have ||d + t(v —d) —c|l, < ||d — c|| for tiny t > 0
d+c

A

ie. f(x)=a’x—b = (d—c)T(x——z-) 2 \\ C{.ff((/’({«)’f “2
For dist(C,D) = inf{|lu — v||,| u € C,v € D} T ‘

3. Supporting Hyperplane 4. Dual Cones

Given set C € R™, and a point x, on the boundary of Given Cone K (i.e. K = {X{, 6;; |6; > 0,u; € R™,Vi})
C,the hyperplan {x|a”x = aTx,} is called supporting K*={ylx"y > 0,vx € K}

hyperplane of Cifa”x < ax,, Vx € C. Ex:1.K =R : K* = R"

Supporting Hyperplane Theorem: For any nonempty 2.K=58%:K" =S}

convex set C, and a point x;, on the boundary of C, 3.K ={(xO)lllxll; < t}: K* = {(x, O)|lIx]l, < t}
There exists a support hyperplane to C at x,. 4. K ={(x0)llxlly < t}: K™ = {(x, O)]llxlleo < ¢}

Proof: A separating hyperplane that separates interior C éXM\IrM

and {x,} is a supporting hyperplane.
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