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Convex Optimization Problem:
A. Convex Function Definition:

filax + By) < af;(xX) + Bf;(y),Va+ B =1,a,8 = 0
(s conteX

Convex Optimization Problem:

n
Fx):R >R
min f, (x), x € R L N
Subject to (;M ﬂ@y oA e Sfd(/a"
ﬁ(x <bj,i=1,-,m n/m CM‘@Q_
1. fy(x) is a convex function Wz (OV\ZK
2. Forfi(x)<by,i=1,..,m

{x|f;(x) < b;,i =1,---,m} is a convex set

Convex Optimization Problem:
A. Convex Function Definition:

filax + By) < af;(x) + Bfi(y).Va+ B =10, 20
B. Convex Set Definition: Vx,y € C

Wehaveax + By € C,Va+ B =1,a,8 >0




Chapter 2 Convex Set

1. Set Convexity and Specification
i. Convexity
ii. Implicit vs. Explicit Enumeration

2. Convex Set Terms and Definitions

| 3. Separating Hyperplanes
% 4. Dual Cones
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1. Set Convexity and Specification: Convexity

A set S is convex if we have
ax+,3y€SVa+[i’—1 aﬁ>0 Vx,y €S
Remark: m&duwm (;M’TX
1. Most used sets in the class
1. Scalarset: S ¢ R [\7(<4',S 3%< \
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2. Vectorset: S C R Xt2Xat Y. Ko VMl,M;GS
3. Matrix set: § ¢ R™*™ L: 3 "(7—] 4=/
2. Set S is convex if every two points in S has thé " ‘L_
connected straight segment in the set. ol .(}2 .
3. For convex sets S; and S,: S; N S, is also convex
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1. Set Convexity and Specification: Convexity
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A set S is convex if we have
ax+ Py €ES,Va+p=1,a, = 0,Vx,
Examples
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1. Set Convexity and Speciﬁcé\tlon: ?ﬂa"t"ﬁd;‘ m

Set Specification via Implicit or fxplicit E/numeration
v
S; = {X|Ax < b,x € R"*}
Sg = {Ax | x € R}}
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Implicit Expression

Explicit Enumeration

Explicit Expression:

Enumeration
Min fox € R}

Implicit Expression:
Constraints
Min f, (x) -
Subject to
Ax < b,x € R"



1. Implicit vs Explicit Enumeration of Convex Set

Implicit Expression  S; = {x|Ax < b}

Remark: Simultaneous linear
constraints imply AND,
Intersection of the constraints

Simffamomes [P2A

Example: {x|Ax<b} -

Xy +2x; +3x3 <4 °
2x;, =X, <3
Xy +x3 <5

1. Implicit vs Explicit Enumeratign of Convex Set
Example: y/:iK{AY éb/ X€ R i
S, = {x|Ax = b,x € R™} mm’? %94

S; = {x|Ax = b,x € R™} OUVIM/XQ %(@4~

_,Axé’b

X ¢
Lot 4'=-4, thon we hawt AX

1. Implicit vs Explicit Enumeration of Convex Set

S1 = {x|Ax < b,x € R"} is a convex set
Proof: Given two vectorsu,v € Sy, i.e. Au < b, Av < b => V”f vV

Forw = 0,u + 0,1,Y0, + 6, = 1,0,,0, >0 €S

we have Aw < b.
(Aw = 6,y + ez@s 61b + 6,0 = b) > (u=BUtEY

The inequality implies w € S; £85 i

By definition, set S;is convex.

Remark:

1. Simultaneous linear constraints imply AND,
Intersection of the constraints

2. Linear constraints constitute a convex set.

of Convex Set: implicit Expression

1. Specific

«G/ - &ﬁvﬂaf;"‘ g domone
Q&ﬂ

Example:

S={x€eRrR Ipx(t)|31for|tlsg} wex

where p,(t) = x4 cost + x, cos 2t + - + x,,, cosmt

14 wy€edS (L%eR)
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1. Specification of Set: Explicit Expression

Implicit and Explicit Conversion

Example: {x|Ax < b,x € R"} vs {U9] 170 = 1, 6 € R} _
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1. Implicit vs Explicit Enumeration of Convex Set

Explicit Enumeration }maéw ()/MTCQAA_

= Ax+b(T +d) > 0,x € C,} (Projective Functi
4 = Tx+d c'x , X 4} (Projective Func ion)

z
S5 = {?l z€R™Mt>0,(z1t) € Cs} (Pe:gpe/q\tive Function)

Ry (21t)

S4 is convex if C, is convex
S5 is convex if Cs is convex |
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1. Implicit vs Explicit Enumeration of Convex Set

Remark:
Implicit Expression: Constraints of the problem formulation

Explicit Enumeration: Formulation of the objective function
The interchange may not be trivial.

min f;(x) min f,(UB)
s.t.Ax <b s.t. 1" <1
. X ER™ U€ER",0eRl

Every vector u; in matrix U is a solution of
n equations in constraint Ax < b

=

comb@@, n) possible

vertex poﬂs.
SVXI% Nl

@equations
nvariables

1. Implicit vs Explicit Enumeration of Convex Set
Statement: Sy is convex if Cs is convex.

Proof: Given (i—l) € S5, f—z) € Ss, let us set
1 2

Z3 = az, +BZ2,t3 =at1 +ﬁt2,V0!+ﬁ = 1,0_',,3 =0

We have z3 _az + Bz, _ atlE z1 N ﬁtzz Z
t3 at1 + Btz at1 + Btz tl at1 + Btz 2
ﬁ\t_—&:‘dl \“v
at1 2
Leta' = B' = '
at, + Bt, g at, + Bt, ¢
(Note thata' + ' = 1,a’, ' > 0),
Z3 Zy Zy | \ L !
wehave —=qg' =+ B8'2€ S =
v t tq 'Btz > D(+(5-{O(/@ZO
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Therefore, by definition S is convex.




