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Chapter 11: Interior-Point Methods

« Formulation
— Inequality constrained optimization

Barrier Method

Generalized Inequalities Problems
Primal Dual Interior Point Methods
summary



Formulation: The problem

Problem: min f,(x)
Subjectto /; <0, i=1,..,m
Ax =0b
Function f;s are convex, twice continuously differentiable
We assume that rank A = p, A € RP*"™,
Issues:
1. m can be exponential.

2. When to put f; = 0 (active)? There are 2™
combination.



Formulation: logarithmic barrier

Problem:
m
minfo(x) + z 1Ifi(x)
1=
s.t. Ax=0>b

When I, = 0 ifu < 0, I, = oo. Otherwise,

—1 m
min fo(x) +— ) 10g(~f,(x)

s.t. Ax=0>b

Remark:

1. Convert inequality constraints to barrier functions.
2. Incorporate barrier functions in objective function.
3. Increase t to Improve accuracy.



Formulation: logarithmic barrier

Let us set
px) == ) log(~f(x),  domg = {xIfix) <0}
¢ (x) is convex and twice differentiable

m 1
7p() = )~ V)

o
7o) = ) s VRV -
Central Path is {x*(t)|t > 0}

L p2f ()
oo i

min  tfo(x) + ¢(x)
s.t. Ax=0>b



Formulation: logarithmic barrier

Ex:
Problem: min c’x
s.t. ajx<b;, i=i..,m
Log barrier formulation:
m
mintclx — z log(b; — aj x)
i=1
Hyperplane c’x = cTx*(t) is tangent to real curve ¢ through

x*(t).

Solution x*(t) balance the force between —tV f,(x) and
m _ 1 ,




Formulation: logarithmic barrier

Ex:

Problem: min c¢x

s.t. ajx < b i=1i,..,m
—tVfo(x) = —tc

moq m 1
21:1 BAOKARE zi:l b a2

1
2 7 dist(x;H;)'

1

a.
bi—alx

Note that min

H; = {x|a; x = b;}



Barrier Method: Algorithm

Given strictly feasible x, t =t° > 0,u > 1,6 > 0
Repeat (10-20)
1. Centering step to find solution x*(t)
Problem: min tf,(x) + ¢(x) (Newton'’s method)
s.t. Ax=0D>
2. Update x = x*(t)
3. Stopping criterion: exit if % <€
4. Increase t = ut

m

log(et(o))
logu

Complexity: # Repeats (Outer iterations) =

Plus the initial centering step x*(t(®)



Barrier Method: Newton’s Step for Modified KKT

[tszo (x) + V4 (x) AT] [Ax] _ [tVfO (x) + Vop(x)
A OlLv 0

m m 1
\7;(— log(—£;(x))) = Z ey Vi)
72 ) (~log(~£i(x)))
=1
=X [ ==V filx) + VOV (x)"

fl(x) l( )2



Barrier Method: Central Path

Min £, (x) +— 212, log(—f; (x))
s.t. Ax=0>
Lagrangian: L(x,v) = fy(x) +_712{r=‘110g(—fi(x)) + vT(Ax — b)

For an optimal solution, we have (x*(t), v(t))
Vic(x™) + X —1/tfi(x)) Vfi(x) + A" = 0
We can view the dual points from central path:
A () =-1/(tfi(x"),i=1,..,m
Original Lagrangian:
L(x,4,v) = fo(x) + ¥ A:fi(x) + v'(Ax — b)

Replace with (x*(t), A" (t), v(t)):
LG, 250) = o) + SAfi(x) + 07 (Ax" = b) = fo(@") =
Thus, we have fy(x*(t)) — p* < m/t
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Barrier Method: Feasible Solution Search

Search 1:

min s

s.t.fi(x)<s,i=1,..,m
Ax =b,s ER

Search 2:

min1’s, s €ER™

s.t.fi(x) <s;,i=1,....,m
Ax =D
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Barrier Method: complexity analysis

#Repeats (outer iterations)
=Ceiling(log(m/(et®))/logu)
#Newton steps per outer iteration (self-concordance)

:m(“_ly_log”) + log, log, 1/€,¢,

where y = af(1 — 2a)?/(20 — 8a)

12



Generalized Inequalities Problems

Problem: min f,(x)
Subject to f;(x) <k,0, i =1, ..., m,where f;(x) € RFi

Ax =D
The KKT conditions:
Ax*=Db
fl(x*) $Ki 0, i=1,...,m

A ?KL?O, i=1,..,m

Vio(x*) + XDfi(x)'A; + ATv* =0
2N =0i=1,..,m

Note that Dft(x*) € R
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Generalized Inequalities Problems: log barrier

Problem: min f,(x)
Subject to f;(x) <k,0, i =1, ..., m,where f;(x) € RFi
Ax =0b

Given a proper cone K € R4, a generalized logarithm for

K,y:R? — R has the following two criteria:

1. Function y: concave, closed, twice continuously
differentiable, dom ¢ = int K, and V*y(y) < 0,fory €
int K

2. Equality: Y (sy) = Y(y) + 8logs,forally > 0,s > 0,

where there exists a constant (degree of ) 8 > 0

We can derive two properties

1. Ify >0, then Vip(y) >0 (Proof?)

2. yI'vi(y) = 0 (from criterion 2)
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Generalized Inequalities Problems: log barrier

Example 1: Cone K = R}
Function ¥ (x) = }.;log x;, x > 0 is a generalized logarithm
1. Concavity: V2 (x) = diag (— x%) <0

2. Logbehavior: Y(sx) = Ylogsx; = Ylogx; + nlogs,
where s > 0.
Two properties:

1.If x € K = RY, then
1 1

Vip(x) = (— .,—) =0

x1 T xp

2. xIV(x) = n.

15



Generalized Inequalities Problems: log barrier

Example 2: Cone K = {x S R"+1|(Zixi2)1/2 < xn+1}

Function ¥ (x) = log(x2,, — X; x7),
1. Concavity: (exercise)
2. Logbehavior: Y (sx) = ¥ (x) + 2logs

Two properties

oYx) _  2Xj .
1. ox, = x%H_inz,] =1,..,n

0P(x)  2xp4q

OXpt1  Xpyq — 2X7
Vip(x) € int K*
2. xTV(x) = 2.
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Generalized Inequalities Problems: log barrier

Example 3: Cone K € S¥

Function ¥(x) = logdet X,

1. Concavity: (exercise)

2. Log behavior: Y(sx) = Y (x) + plogs
Two properties:

1. logdet(sX )=logdet(X) + p X logs
VpX)=X"1>0

2. tr(XVy(X)) = tr(XX™1) = p.
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Primal-Dual Interior-Point Method

min fo (x)
s.t.fi(x) <0,i=1,..,m
Ax =0Db
Lagrangian
L(x, A,v) = fo(x) + % 4if, (%) + v7 (Ax — b)
KKT Conditions
7L(x,A,v) = Vf,(x) + Xy 4,V f,(x) + ATv = 0
Ax =0Db
fi(x)<0,i=1,..,m
A =0
Lifi) =0 > —Afi(x) ==,i=1,..,m

1
(A == tfi(x))
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Primal-Dual Interior-Point Method
Taual = Vio(x) + XA Vfi(x) + Alv
Tcentrality = _diag(/l)f(x) _ (1/t)1 (_Aifi(x) _ 1/t)
Tprimal = Ax — b

Vfi (X)T [rdual]
: ’ Ty

. —_ rcent
me(x)T
re(x + Ax, A + AL, v + Av) = i (x, A, v) + 1,
1740 (x + Ax, A + AL, v + Av) = 14,4 (x, /1 v) + VT a1 AX

+VTaua A + VoTguaAv = 0

erdual — szo(x) + Zﬁl’livzfi(x)

Vataual = Df(x)T

Z vldual = AT
2. Teone. (X + Ax, A + AL,V + AV) = Tppne (x, A, V) + V1L, Ax
+Vrl Al =0

Df(x) =

Tori

Vilcent. = —diag(/l)Df(x)
VaTcent. = diag (f (x)) B



Primal-Dual Interior-Point Method

Tdual = Vfo (x) + Z/livfi(x) + ATU
Tcentrality = —diag(D)f(x) — (1/t)1 (—24;f;(x) — 1/t)
Tprimal = Ax —b

m

Ol £, (x) + A V2f(x) Df(x)T ATl ax1  [raua
(2) . 1=1 AL Tcent.
(3) —dlag(j)Df (%) —dlag(f (x)) 8 A Tori

V(o) Tdual
Df(x) = E ) e = [rcent]
V fm (x)T Tori

re(x + Ax, A+ AL v + Av) = 1 (x, 4, v) + V1 Ay
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Primal Dual Interior Point Method: the surrogate duality gap

n(x, ) =—f(x)'1 (fi(x) <0,2=0)
When Tprime = 0, and Tdual = 0
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Primal-Dual Interior-Point Method: comparison with barrier method

Primal-dual interior-point method:

(%) _szo(x) + Tlnl/ll-szi(x) Df(x)T AT Ax :dual
= Al = |Tcent.
Eg% | —diag(;ll)Df (x) —diago(f (x)) 8_ 21, [rp,,f]
H,qy A" _ _Vfo(x) + (%)Z _(1) Vfi(x)-
[ “Av + v] B . i Jilx
pri.

where Hyq = V2, (x) + SAV2F.(x) + X —(A/f GOV OVF ()T
Barrier Method:

[Hbar AT] 24 — VA

fi(x)

V() + z

Tp’rl

where Hyqr = tV2f3(x) + X(=1/fi(O)V2fi(x) + X1/ fi()DVFCOVF ()T
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Primal-Dual Interior-Point Method: algorithm

Input f; <0,A>0,u>1,€r005 >0,>0
Repeat 1. Determine t, set t :== um/n
2. Compute (Ax, A4, Av)

3. Line Search and update
Ax

y=y+sdy (Ay= lM )
Av
Until ”rpri”Z < €feas ITauatllz < €Efeas, ANA 1] < €
Remark
1. Parameter t is automatically adjusted.
2. The process proceeds even Ax #+ b,VL(x,A,v) # 0.
3. The search directions are similar to but not quite the same as the
search directions of the barrier method.
4. The method is often more efficient than the barrier method.
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Summary

* |nterior point methods convert inequality
constraints into costs of objective function.

* The barrier method starts with strictly
feasible solution.

» The primal dual interior methods have
become popular due to its efficiency and
generalization.
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