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Introduction

Objective Function without Constraints: (Chapter 9)
Gradient descent, Newton’s methods

KKT Linear Equations:
Quadratic obj function + linear equality constraints

Newton’s Method:
Twice differentiable obj function + linear equality constraints

Interior Point Method: (Chapter 11)
Twice differentiable obj function + linear equality + inequality
constraints

Introduction

Formulation 0:
Equality — Inequality

Formulation 1:
Algebraic operation to eliminate the equality constraint

Formulation 2:
Dual formulation

Formulation 3:
KKT conditions



Formulation 0

min f(x)
s.t. Ax =b
where f: R™ — R, convex, twice continuously
differentiable, and A € RP*™",rank A=p,p <n

Formula 0 Inequality

min f(x)

st Ax=by  —AXZ= ~p
—Ax < -b.

Formulation 1
min f(x)

s.t. Ax =D
f:R™ = R, convex, twice continuously differentiable,
and A € RP*",rank A=p,p<n

Formula 1 Algebraic operation to eliminate the
equality constraint

min f(x) = f(Fz + x,)
z€ R"P Ax, = b,rank F =n —p,AF =0



Formulation 1

Formula 1: Eliminating equality constraints using algebraic
replacement

min f(x)
s.t. Ax=0»b, rank A=p,p<n
Let Axy = b, nullspace of Ais
F e R™*(=P) e AF =0
We can write x = xo + Fz, z € R*"P
Thus f(x) = f(xq + Fz)

To minimize f(x) = f(xo + Fz)

we need V,f (%o + Fz) = FTVf(X)|x=xy+Fz = 0. +he na({ﬂZj A ')QTYM!
S'v.(

Remark: This is equivalent to Vf(x) = —A Ty, vE Rp

0ft) is i the T ‘W .
jyf(}{) (S MWM,( ’fo F (FVfW:O)

be caugsa. FA 0(’6—/:”0)

Formulation 1

Example: min f (xq, x7)
X
[A1 Az] [x:] . b, A1x1 + Azxz =b

x; = A7H(b — Ayxy), Suppose the A, is nonsingular.

flnm) = fUT b - ) x) > f(Fzt%)

Therefore V., f(A7*(b — Azx;), x;) = 0 derive the optimal
solution.

Remark: The equality constraint elimination, e.g. A7t
operation, may destroy the sparsity of the system.



Formulation 2
min f(x)
s.t. Ax =b

f:R"™ — R, convex, twice continuously differentiable,
and A € RP*™",rank A=p,p<n

Formula 2 Lagrange Dual Function
max g(v) = max min f(x) + vTAx — vTh
v X

= max [-vTh + min (f(x) + vTAx)]

= max [~v"b — max CuTAx — £ ()]
= max (—vTh — f*(—ATv))

Finpy i

Formulation 2 X
—Q
. 1 —_—

Example: min f(x) = ExTPx +q7x J@ :$> >m v/

s.t. Ax=¥, PeSrt, \ %T(D"’g_
(1) Lagrangian: L(x,v) = %xTPx +qTx @F vT(Ax £ b) |~ > +
(2) Min L vs. x, we have V. L(¥%, V) =Px+q+ ATv =0
(3) Thus, x = =P~ (g + ATv)
(4) Therefore, G(v) = L(x = —P~1(q + ATv),v)
1 _ _ 1 po_

=—l— ~vTAPT'ATy - @+ q'P'ANv—-q"P7q +@
(5)Min G vs. v, we have VG (v) = —AP-1ATv — (b + APAq) = 0
(6) Thus, v = —(AP~1AT)"1(b + AP~ 1q)
(7) Therefore, max G (v)=

v

1 -1 T -1 4T\-1 -1 _1 1p-1
2(\/13‘1,3 q+b) &jlf—-jlv) \(f}P q+b) -q P q+r




Formulation 2

Ex: min f(x) = — Y-, logx;, x>0

st. Ax=Db — X°+FZ
1. L, A, v) ==Y logx; — ATx+vT Ax-v"h
2.G(4,v) = min ~ATx +vAx —vTh — X7, logx;

3.Let min g(x,y) =yTx — Y- logx;

agxy) _ Xl _ 1
dx - y 1 - 07 xl - yl
Xn

We have mxin glx,y) =n—2log (;1;) =n+ ), logy;
4. Thus, we have min g(x,ATv) = n+ Y log(4"v);
Dual max L(v) =—bTv+n+Ylog(ATv);,ATv >0

o

Formulation 3

min f(x)
s.t. Ax =0

f:R™ — R, convex, twice continuously differentiable,
and A € RP*™" rank A=p,p<n
Formula 3 KKT condition
7F () HE, VGRS, Ph (Yo = 0
i(x*) <0 T
h;(x*) =0 A

U‘%PWMMM—

KKT condition: X'> N (o

VFx) +ATv* =0 }
Ax* =D
Relation of v* and x*: ATv* = =Vf(x")

= —(AAT)TAVf (x")
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Formulation 3

Example: min f(x) = —xTPx +qTx+7r
s.t. Ax—b, P e S} X Xt
KKT Conditions ' Vf ) P 3-
AT] rx 1 [— {Vf(X) A V=0
lj l ﬂ@’

(1) We know that Ax = b has fea51ble solution because p<n
(2) We have n + p equations for n + p variables.

P AT
3)If
©) A 0]

optimal solution.
P AT]
A 0. .
P AV x4 . .
Remark: lA 0 ] [v*] = [ b ]relate to one iteration of

Newton’s method for a nonlinear function f(x).
Where P = V2f(x),q = Vf(x),r = £(0)

is nonsingular, then the problem has a unique

4) I1f is singular then the problem is unbounded.
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Formulation 3

(3). Nonsingularity
i. N(P)NN(4) = {f}
ii. Ax=0,x#0 - xTPx >0
iii. FTPF > 0 for F € R™(""P) R(F) = N(4)
iv.P + ATQA >0 for some Q > 0
Property ii:
P AT|. . X
If IA 0 ] is singular, we can find [v]

so that
P[0 > ax=o

Therefore we have
-
[xT 7] [Z ‘% [i] =xTPx+ 2xTAv = xTPx =0
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Formulation 3

Proof (4): Let[A AT] [W] [ ]=> Pu=-ATw, Au=0

Given Axy = b, we have

fxo +tu) = z (xo + tu)TP(xo +tu) +q7 (xg +tu) + 71
=—x0Px0+tu Pxy + = t2 TPu+qTxy +tqu+r

1. lt uTPu ——t2 ul (- ATW) =0

2. TPxO = Pu = xT(-ATw) = —wTAx, = —w"b

Thusf(x0+tu)——x0Pxo+t( wib+q u) +q"xy +1

Therefore, when —WT b+ qTu # 0, f(x) is unbounded
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Newton’s Method

min f(x)
s.t.Ax =Db
(1) Taylor’s expansion to approximate f (x)
flx+AMx) = f(x) + Vf(x)TAx + %AxTsz(x)Ax
Ax =b, AAx =0 (A(x + Ax) = b)
(2) KKT conditions for the quadratic obj.
2 f(x) AT] [Ax] [—Vf (x)]

(3) From @), (P2 () Ax + ATv = —Vf (x))
We have Vf(x)TAx = —(V2f(x)Ax + ATv)T Ax
AxTsz(x)Ax —vTAAx = —AxTV2f(x)Ax

Thus f(x) + Vf(x)TAx + = - ZAxTV2f(x)Ax
= f(x) — s MxTV2f (X)Ax ~ A
The amount that the obj. drops 2m
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