Infeasible Start Newton’s Method
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Newton Method: Infeasible Start

Algorithm.
0, %
Given x € D, v, tolerance € > 0, € @) ,B € (0,1).
Repeat
1. Compute primal and dual Newton steps Ax,,;, Avy;
2. Line search on ||r(x, v)||2 = || (rauar (%, v), Tpri (x, V) ||
t=1
while ||r(x + tAx,,, v +t Avnt)||2 >(1-at)||r(x, v)II2
t == ft.
3. Update x :== x + tAx,;, v = v + t Avy,;
Until Ax = b and ||r(x,v)||, < €
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Summary

KKT Linear Equations:
Quadratic objective function + linear equality constraints

Newton’s Method:
Twice differentiable obj function + linear equality constraints

Interior Point Method:

Twice differentiable obj function + linear equality + inequality
constraints
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Chapter 11: Interior-Point Methods

Formulation

— Inequality constrained optimization
Barrier Method

Generalized Inequalities Problems
Primal Dual Interior Point Methods
Summary



Formulation: The problem

Problem: min f;(x)
Subjectto f; <0, i=1,..,m
Ax=0b
Function f;s are convex, twice continuously differentiable
We assume thatrank A = p, A € RP*™,
Issues:
1. m can be exponential.

2. When to put f; = 0 (active)? There are 2™
combination.

Formulation: logarithmic barrier

Problem:
m
minfo(x) + Z 1Ifi(x)
i=
s.t. Ax=0»> "QV& 'X)/
When I, = 0 ifu <0, [, = o. Otherwise, /
. -1y
min fo() +— ) log(~fi(x)) /
1= A
s.t. Ax=">b -]
/
Remark:
1. Convert inequality constraints to barrier functions.

2. Incorporate barrier functions in objective function.
3. Increase t to improve accuracy.
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Formulation: logarithmic barrier

Let us set
) == log(~£@),  dom = xlfi(x) <0}
¢ (x) is convex and twice differentiable

1
PoC) =) TR

m 1 1
70 = ) e VREVAGT <P i)

Central Path is {x*(t)|t > 0}

min  tfo(x) + ¢(x)
s.t. Ax=b

Formulation: logarithmic barrier

Ex:
Problem: min cTx
s.t. alx < b, i=1i..,m
Log barrier formulation:
m
mintcTx — z log(b; — al'x)
i=1
Hyperplane c"x = £Tx*(t) is tangent to feal curve @ through

x*(t).

Solution x*(t) balance\the force between —tV f,(x) and
1
)



Formulation: logarithmic barrier

Ex:

Problem: min c¢Tx

s.t. alx <b; i=1i..
—tVfy(x) = —tc

2 TR O 2,

Note that min

a.
bi—ag"x L

Barrier Method: Algorithm

Given strictly feasible x,t =t° > 0,u > 1,6 >0
Repeat (10-20)
1. Centering step to find solution x*(t)
Problem: min tfy(x) + ¢(x) (Newton’s method)
s.t. Ax=b
2. Update x = x*(t)
3. Stopping criterion: exit if —? <e€
4. Increase t = ut
log(=75y)
logu

Complexity: # Repeats (Outer iterations) =

Plus the initial centering step x*(t(®)



Barrier Method: Newton’s Step for Modified KKT

[tszo (xX)+V2p(x) AT [Ax] _ [tVfo (x) + qu(x)l
% 0

A 0
m m 1
\7;(— log(—£,(x))) = ; ~ e VA

2 i(— log(—f;(x)))

—ym r_ 2¢ 1
l=1[ fi(x) 4 fl(x) +

fi(x)?

VOV ]

Barrier Method: Central Path

Min fo(x) +=— X2, log(—f; (x))
s.t. Ax=1b
Lagrangian: L(x,v) = fo(x) + =X, log(—f;(x)) + v" (Ax — b)
For an optimal solution, we have (x*(t), v(t))
Vio(x™) + X2 -1/(tfi(x)) Vfi(x*) + ATo = 0
We can view the dual points from central path:
A () = —\1/(tfi(x*)),i =1,..,m
Original Lagrangian:
L(x,4,v) = fo(¥) + XAifi(x) + v" (Ax — b)
Replace with (x*(t), 1*(t),w(t)):
m
L(x*rl*!ﬁ) = fO(X*) + i(X*) + ij(AX* - b) = fO(x*) _?

Thus, we have fo(x*(t)) —-p*<m/t

* ; -
i :Q“g%”)?%(%,m = min Lo X)) = f,0)- %
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Barrier Method: Feasible Solution Search

Search 1:

mins

s.t.fi(x)<s,i=1,..,m
Ax =b,s €ER

Search 2:

min1’s, se€RY

s.t.fi(x) <s;i=1,...m
Ax=b
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Barrier Method: complexity analysis

#Repeats (outer iterations)

=Ceiling(log(m/(et®))/logu)
#Newton steps per outer iteration (self-concordance)

_me=171091) 4 1og, log, 1/€n; »

where; = af(1 - 2a)?/(20 — 8a)
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