Newton Method : Convergence analysis

Assumptions: § = {x € dom f|f(x) < f(x,)}
f strongly convex on S with constant m, s.t. V2f(x) = mI,Vx € S
V2f is Lipschitz continuous on S with constant L, i.e.

IV2f(x) = V2 f Oz < Lllx = yll;

Outlines: 3n € (0, m? /L), two cases.
1. Damped Newton Phase: (t < 1)

IVf (Ol 2 7 then £(x**1) = f(x*) < —apn?m/M?

2. Pure Newton Phase (Quadratically Convergent Stage): (t = 1)
IVf (o)l <71 then
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Newton Method: Affine Invariant

Problem: min f(x)
Theorem: Newton’s step is invariant to affine transform.

Proof: Letx = Ty,T € R™, f(x) = f(Ty) = f(¥)

For the x coordinate For the y coordinate system, we
system, we have. have.

Axpe = =V2f ()" WVF(x) 1 Vy)i(y): TTV.f(Ty),
Vif () = TTVAf(Ty)T

Therefore, we have the 2. The Newton step at y,
invariant results Ay e
X+ Axpe = T(y+ Aype). = -V2f(y»)"V,f ()

= —(TTV2f(x)T) Y (TTVf (x))
= —T1IV2f (x)"1Vf (x)
= T_l Axnt
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Summary

1. Gradient Descent Method: (minimization solution)
1. Vector operations per iteration
2. Linear convergence rate
2. Newton’s Method: (equality solution)
1. Matrix operations per iteration
2. Quadratic convergence rate (near the solution)
3. Gradient Descent Method Variations:
1. Conjugate gradient method
2. Nesterov gradient descent method
3. Quasi-Newton method
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CSE203B Convex Optimization:
Chapter 10: Equality Constraint Optimization

CK Cheng
Dept. of Computer Science and Engineering
University of California, San Diego

Chapter 10 Equality Constrained Optimization

Introduction

 Formulations

— Eliminating Equality Constraints Using Algebraic
Replacement

— Dual Formulation
— KKT Condition

Newton’s Method
Infeasible Start Newton’s Method
e Summary



Introduction

Objective Function without Constraints: (Chapter 9)
Gradient descent, Newton’s methods

KKT Linear Equations:
Quadratic obj function + linear equality constraints

Newton’s Method:
Twice differentiable obj function + linear equality constraints

Interior Point Method: (Chapter 11)
Twice differentiable obj function + linear equality + inequality
constraints

Introduction

Formulation 0:
Equality — Inequality

Formulation 1:
Algebraic operation to eliminate the equality constraint

Formulation 2:
Dual formulation

Formulation 3:
KKT conditions



Formulation 0
min f(x)
s.t. Ax =b

where f: R™ — R, convex, twice continuously
differentiable, and A € RP*™,rank A=p,p<n

Formula 0 Inequality
min f(x)

s.t. Ax > b
—Ax < -b

Formulation 1
min f(x)

s.t. Ax =b

f:R™ = R, convex, twice continuously differentiable,
and A € RP*" rank A=p,p<n

Formula 1 Algebraic operation to eliminate the
equality constraint

min f(x) = f(Fz + x,)
Z€R"P Ax, =b,rank F =n—p,AF =0




Formulation 1

Formula 1: Eliminating equality constraints using algebraic
replacement

min f(x)

s.t. Ax = b, rank A=p,p<n
Let Axy = b, nullspace of Ais

FeRY(® P  jeAF=0 [

We can write x = xo + Fz, z € R"7P
Thus f(x) = f(xo + Fz)
To minimize f(x) = f(xg + Fz)
we need V,f (xo + Fz) = FTVf (%) y=xy+rz = 0.

Remark: This is equivalent to Vf(x) = —A"v, v €RP

Formulation 1

Example: min f (X, x;)
X
[Al AZ] [x;] = b, Aixqy +Ayx, = b

x; = A7H(b — Ayxy), Suppose the A; is nonsingular.

fxy,x3) = FATH(b — Azx3), X5)

Therefore V., f (AT (b — AzX3), x;) = 0 derive the optimal
solution.

Remark: The equality constraint elimination, €.g. ATt
operation, may destroy the sparsity of the system.



Formulation 2

min f(x)

s.t. Ax=0b
f:R™ —> R, convex, twice continuously differentiable,
and A € RP*™,rank A=p,p<n

Formula 2 Lagrange Dual Function
max g(v) = max min f(x) + viAx — vTb
v v X :
= max [-vTb + min (f(x) + vTAx)]
v x -

Lo

= max [—vTh — max (rvTAx — f(2))]

= max (—vTh — f*(—ATv))

Formulation 2

Example: min f(x) = %xTPx +qTx+r
s.t. Ax=b, PeS}H
(1) Lagrangian: L(x,v) = %xTPx +q"x+r+vT(Ax — b)
(2)Min L vs. x, we have V, L(x,v) =Px+q + ATv = 0
(3) Thus, x = —P~1(q + ATv)
(4) Therefore, G(v) = L(x = —P~1(q + ATv),v)
=—%vTAP‘1ATv — (BT +qTP1AT)v — %qTP'lq +7r
(5) Min G vs. v, we have VG (v) = —AP*ATv — (b + AP 1q) = 0
(6) Thus, v = —(AP~*AT)"Y(b + AP 1q)
(7) Therefore, max G(v)=

~(AP™1q + b)T(AP~*AT)"L(4P~q + b) — ~q"P g+

10



Formulation 2

Ex: min f(x) = — Y=, logx;, x>0

st. Ax=D>b
1. L(x, 4, v) = = Y%, logx; — ATx+vT Ax-vTh
2.G(4,v) = min —ATx + vAx —vTh — Y-, logx;

3.Let min gle,y) =yTx =31 logx;
1

agxy) _ 1l _ _1
ax - y 1 - 09 xl - yi
Xn

We have mxin g(x,y) =n—>log (yio) =n+),logy;
4. Thus, we have mxin g(x,ATv) = n + Y log(ATv);
Dual max L(v) = =bTv +n + Ylog(ATv);, ATv > 0
v
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Formulation 3

min f(x)
s.t.t Ax=0b
f:R™ - R, convex, twice continuously differentiable,
and A € RP*™", rank A=p,p<n
Formula 3 KKT condition
VF() + X0 VA + X, Vhi(x)v; =0

fi(x) <0
hi_(x*) =0
Az0_ vep! e
CXiAfix) =00 ACK (
Vf (x*) + ATy =0 1) . i ma

KKT condition:
Ax* =Db

Relation of v* and x*: ATv* = =Vf(x")
v* = —(AAT) 1AV f(x*)

12



Formulation 3

Example: min f(x) = % XTPx +qTx +7 ) = [?
s.t. Ax=0>b, PES_? Py, o 2 3 £
KKT Conditions [ A

4

o[-

(1) We know that Ax = b has fea31b1e solutlon because p < n.
(2) We have n + p equations for n + p variables.

P AT
A O]
optimal solution.

3) If

1s nonsingular, then the problem has a unique

— ~ |
@) If P A is smgular then the problem is unbounded

A
Remark: |_A ] = [-;q] relate to one iteration of
Newton’s method for a nonlinear function f(x). AP

Where P = V2f(x),q = Vf(x),r = f(0)

Formulation 3
(3). Nonsingularity

13

i. N(P)nN(A) = {0}

ii. Ax=0,x#0 - xTPx >0

iii. FTPF > 0 for F € R™(~P) R(F) = N(4)
iv.P + ATQA > 0 for some Q = 0

Property ii:

P AT]. . X
If [A 0 ] is singular, we can find [v]

so that

5 olE=[o

Therefore, we have

[T m[ﬁ AT
0

=2 Ax =0

[v] = xTPx + 2xTAv = xTPx = 0

S, 2\



Formulation 3

Proof (4): Let[ﬁ “g][ | = [°]=>Pu ATw, Au=0

Given Axy = b, we have

floo +tw) =2 (xo + tu)""P(x0 +tu) +qT(xp + tw) + 7
=—x0Px0+tu Pxy + = t2 TPu+qTxg +tqTu+r

1. ~t?uTPu= t2 T(—ATW) =0

2 TPxO = Pu = xo I'(—ATw) = —wTAxy = —wTh

Thus, f(xo + tu) = —xo ITPxy +t(—wTh + qTu) + qTxo + 7

Therefore, when —wT b + qTu # 0, f (x) is unbounded

Newton’s Method

min f(x)
s.t.Ax =D
(1) Taylor’s expansion to approximate f (x)
flx +8x) = F(x) + VF(X)TAx + 2 AxTV2f (x) Ax
Ax = b, AAx =0 (A(x + Ax) = b)
(2) KKT conditions for the quadratic obj.
[Vz f(x) AT [Ax] [ Vf (x)]
A 0
(3) From (2), (VZ Fx)Ax + ATv = =Vf(x))
We have VF(x)TAx = —(V2f(x)Ax + ATv)T Ax
= —AxTV72f(x)Ax — vTAAx = —AxTV2f(x)Ax
Thus f(x) + Vf(x)TAx + %AxTsz(x)Ax
= f(x) — %AxTsz(x)Ax

The amount that the obj. drops §



Newton’s Method

Algorithm.

Givenx € D,Ax =b,e > 0
Repeat
1. Solve NE to find Ax & 2% = AxTV?f(x)Ax

Y
2. Quit if 5 <€
3. Line Search t
4. Update x := x + tAx
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Newton’s Method: Affine Invariant

min f(x)

Ax=0Db
Theorem: Newton’s step is invariant to affine transform.
Proof: Let x =Ty, T € R™, f(x) = f(Ty) = f(¥)
For the problem

min f (y)

ATy =b
1. We have V, f ()= TTV, f(Ty), Vif (y) = TTV2f(Ty)T
2. For Ay, at y, we have the Newton step,
TTV2f(x)T TTAT ] [Aynt] l ~TT Vf(Ty)]
AT 0 ’

which is equivalent to

72 f (%) AT] [Ax] [— vf (x)]



Newton’s Method for Reduced Problem

min f(x) = f(Fz + x,)
Z€R"P Ax, =b,rank F =n—p,AF =0

) pn n(n —p)
We have :

V.f(Fz +x,) = FTV,.f (Fz + x,) %:Olw sy

ylor’s expansion

V2f(Fz+x,) = FTV2f(Fz + x,)F
Thus, the reduced problem has Newton iteration derivation,

Az = —(szf)_lvzf = _(FTVfoF)_lFTfo

Ax = FAz = —=F(FTV2f(x)F)"'FTVf(x)
Theorem: For the reduced operation, the derived Vx, v are the
same solution as the original NE process.
Proof: Let Ax = FAz,v = —(AAT) YAV (x) + V?f(x)Ax)
We can show that the original NE equations hold, i.e.

V2f(x)Ax +Vf(x) + ATv=0 & AAx =0
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Newton’s Method for Reduced Problem

Proof:
1. For the first equation we multiply the left expression from

the left, i.e. I (n=p)n ] [V2f(x)Ax + ATv + Vf(x)] =
Apn)

[FTVZ f(X)Ax + FTATv + FTVf(x)] B [0 (1)

AV2f()Ax + AATv + AVF(x) | 10(2)

(1) =FTV2f(x)F(FTV2f(x)F)"*FTVf(x) + FTVf(x) +
FTATv =0

(2) AV2f (x)Ax + AAT (—(AAT)TTA(VF(x) + V2 (x)Ax)) +
AVf(x) =0

FY
Since [ (n=p)n ‘ is a full ranked matrix, we can conclude that
(pn)
V2f(x)Ax + ATv + Vf(x)=0
2. For the second equation, we have AAx = AFAz = 0, since
AF = 0 by construction. 20



Summary

KKT Linear Equations:
Quadratic objective function + linear equality constraints

Newton’s Method:
Twice differentiable obj function + linear equality constraints

Interior Point Method:

Twice differentiable obj function + linear equality + inequality
constraints

23



Infeasible Start Newton’s Method

A
The search of the feasible start point, -
[VZ f(x) AT [Ax] Vf(x) ]
A Ax — b
We can write in incremental derivation,
v? f (x) AT] _[Vf(x) + ATv] Taual
Ax—Db Tori
21
Newton Method: Infeasible Start
Algorithm.
Given x € D, v, tolerance € > 0, € ( ) B € (0,1).
Repeat
1. Compute primal and dual Newton steps Axy,¢, Av,,
2. Line search on ||r(x, V)I|, = || (Fauar (x, ), 7ri (x, V)2
t=1
while ||r(x + tAx,, v+t Avnt)||2 >(1-at)||r(x, v)||2

t == ft.
3. Update x :==x + tAx,, v i= v + t Avy,

Until Ax = b and ||r(x,v)||2 <e€
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