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Primal Problem (Feasible Solution)
min 𝑓0(𝑥) 𝑥 ∈ 𝑅𝑛

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1,… ,𝑚
ℎ𝑖 𝑥 = 0 𝑖 = 1,… , 𝑝

Opt: 𝑥∗, 𝑝∗ = 𝑓0(𝑥
∗)

Lagrangian: 𝐿: 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑝 → 𝑅

𝐿 𝑥, 𝜆, 𝑣 = 𝑓0 𝑥 + σ𝑖=1
𝑚 𝜆𝑖𝑓𝑖(𝑥) + σ𝑖=1

𝑝
𝑣𝑖ℎ𝑖(𝑥)

𝜆𝑖 , 𝑣𝑖: 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟, 𝜆𝑖 , ∈ 𝑅+, 𝑣𝑖 ∈ 𝑅.
Lagrange dual function

g 𝜆, 𝑣 = inf
𝑥∈𝐷

𝐿 𝑥, 𝜆, 𝑣 (𝑥 may not be feasible)

𝑑𝑜𝑚𝑎𝑖𝑛 𝐷
= 𝑑𝑜𝑚 𝑓0 ∩𝑖 𝑑𝑜𝑚 𝑓𝑖 ∩𝑖 𝑑𝑜𝑚 ℎ𝑖
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Dual Problem (Infeasible Solution)
𝑚𝑎𝑥𝜆,𝑣 𝑔 𝜆, 𝑣 𝑠. 𝑡. 𝜆 ≽ 0

1. 𝑔 𝜆, 𝑣 𝑖𝑠 𝑐𝑜𝑛𝑐𝑎𝑣𝑒
2. 𝑔 𝜆, 𝑣 ≤ 𝑝∗ an optimal value where 𝜆 ≽ 0

Proof 1: By definition of 𝑔 𝜆, 𝑣 and the convexity of pointwise max 

operation on convex functions.

Proof 2: For any feasible ෤𝑥 and 𝜆 ≽ 0
𝑓0 ෤𝑥 ≥ 𝐿 ෤𝑥, 𝜆, 𝑣 (Because σ𝜆𝑖𝑓𝑖 ෤𝑥 + σ𝑣𝑖ℎ𝑖( ෤𝑥) ≤ 0)

𝐿 ෤𝑥, 𝜆, 𝑣 ≥ 𝑔(𝜆, 𝑣) by definition of 𝑔(𝜆, 𝑣)

Thus  𝑝∗ = 𝑓0 𝑥∗ ≥ 𝑔(𝜆, 𝑣)
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Prime: 𝑚𝑖𝑛 𝑐𝑇𝑥

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ቊ
𝐴𝑥 ≼ 𝑏
𝑥 ≽ 0

⇒ ቊ
𝐴𝑥 − 𝑏 ≼ 0
−𝑥 ≼ 0

Lagrangian

𝐿 𝑥, 𝜆 = 𝑐𝑇𝑥 + 𝜆𝐼
𝑇 𝐴𝑥 − 𝑏 − 𝜆𝐼𝐼

𝑇 𝑥
= −𝜆𝐼

𝑇𝑏 + 𝐴𝑇𝜆𝐼 − 𝜆𝐼𝐼 + 𝑐 𝑇𝑥, 𝜆𝐼 , 𝜆𝐼𝐼 ≽ 0
𝑔 𝜆 = inf

𝑥
𝐿(𝑥, 𝜆)

𝑔 𝜆 = ൝
−𝑏𝑇𝜆𝐼 , 𝐴𝑇𝜆𝐼 + 𝑐 ≥ 0 (𝐴𝑇𝜆𝐼 − 𝜆𝐼𝐼 + 𝑐 = 0)

−∞, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (𝐴𝑇𝜆𝐼 − 𝜆𝐼𝐼 + 𝑐 ≠ 0)

Dual:

max − bT𝜆𝐼 (𝑚𝑖𝑛 𝑏
𝑇𝜆𝐼)

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐴𝑇𝜆𝐼 + 𝑐 ≥ 0
𝜆𝐼 ≥ 0



Example: Linear Programming

Prime:        min −1 − 1
𝑥1
𝑥2

subject to
1 3
1 0

𝑥1
𝑥2

≼
3
2

, 𝑥1, 𝑥2 ≥ 0.

Dual:          m𝑎𝑥− 3 2
𝜆1
𝜆2

subject to
1 1
3 0

𝜆1
𝜆2

+
−1
−1

≽
0
0

𝜆1, 𝜆2 ≥ 0

Results: 
𝑥1
𝑥2

= 
2
1/3

, 𝑝∗ = −
7

3

𝜆1
𝜆2

= 
1/3
2/3

, 𝑑∗ = −
7

3

6
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𝑚𝑖𝑛 𝑐𝑇𝑥
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐴𝑥 = 𝑏, 𝑥 ≥ 0, (𝑜𝑟 − 𝑥 ≤ 0)

Lagrangian: 𝐿 𝑥, 𝜆, 𝑣 = 𝑐𝑇𝑥 + 𝜆𝑇 −𝑥 + 𝑣𝑇 𝐴𝑥 − 𝑏
= −𝑏𝑇𝑣 + 𝑐 + 𝐴𝑇𝑣 − 𝜆 𝑇𝑥

Lagrange Dual: 𝑔 𝜆, 𝑣 = inf
𝑥
𝐿(𝑥, 𝜆, 𝑣)

Properties:

1. 𝑔 is linear on affine domain 𝜆, 𝑣 𝐴𝑇𝑣 − 𝜆 + 𝑐 = 0 , hence 

concave.

2. If 𝜆 ≽ 0 ⇒ 𝐴𝑇𝑣 + 𝑐 ≽ 0
𝑝∗ ≥ −𝑏𝑇𝑣 𝑖𝑓 𝐴𝑇𝑣 + 𝑐 ≽ 0

1. If 𝐴𝑇𝑣 − 𝜆 + 𝑐 = 0 → 𝑔 𝜆, 𝑣 = −𝑏𝑇𝑣
2. Else                             → 𝑔 𝜆, 𝑣 = −∞

max −𝑏𝑇𝑣
𝐴𝑇𝑣 + 𝑐 ≽ 0

max 𝑏𝑇𝑣
𝐴𝑇𝑣 ≼ 𝑐or



Example: Quadratic Programming
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𝑚𝑖𝑛 𝑥𝑇𝑥
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐴𝑥 = 𝑏

Lagrangian: 

𝐿 𝑥, 𝑣 = 𝑥𝑇𝑥 + 𝑣𝑇 𝐴𝑥 − 𝑏

To minimize 𝐿 over 𝑥, we set 𝛻𝑥𝐿 𝑥, 𝑣 = 2𝑥 + 𝐴𝑇𝑣 = 0

⇒ 𝑥 = −
1

2
𝐴𝑇𝑣 (1)

Lagrange Dual Function:

𝑔 𝑣 = 𝐿 𝑥 = −
1

2
𝐴𝑇𝑣, 𝑣 = −

1

4
𝑣𝑇𝐴𝐴𝑇𝑣 − 𝑏𝑇𝑣

A concave function of 𝑣

Lower Bound Property: 𝑝∗ ≥ −
1

4
𝑣𝑇𝐴𝐴𝑇𝑣 − 𝑏𝑇𝑣, ∀𝑣

To maximize 𝑔 𝑣 ,we set 𝑣 = −2 𝐴𝐴𝑇 −1𝑏

Thus,we have 𝑔 𝑣 = −
1

4
𝑣𝑇𝐴𝐴𝑇𝑣 − 𝑏𝑇𝑣 = 𝑏𝑇 𝐴𝐴𝑇 −1𝑏 (2)

(3) From (1) and (2), we have ൝
𝑥∗ = 𝐴𝑇 𝐴𝐴𝑇 −1𝑏

𝑝∗ = 𝑥∗𝑇𝑥∗ = 𝑏𝑇 𝐴𝐴𝑇 −1𝑏



Example: Quadratic Program
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Quadratic Program                           

𝑚𝑖𝑛 𝑥𝑇𝑃𝑥 𝑃 ∈ 𝑆++
𝑛

𝑠. 𝑡. 𝐴𝑥 ≼ 𝑏
Lagrange Dual Function: 

g 𝜆 = min
𝑥

𝐿 𝑥, 𝜆 = 𝑥𝑇𝑃𝑥 + 𝜆𝑇(𝐴𝑥 − 𝑏)

= −
1

4
𝜆𝑇𝐴𝑃−1𝐴𝑇𝜆 − 𝑏𝑇𝜆, 𝜆 ≽ 0.

Dual Problem:

max−
1

4
𝜆𝑇𝐴𝑃−1𝐴𝑇𝜆 − 𝑏𝑇𝜆

𝑠. 𝑡. 𝜆 ≽ 0



Example: Quadratic Program (nonconvex prob.)
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𝑚𝑖𝑛 𝑥𝑇𝐴𝑥 + 2𝑏𝑇𝑥
𝑠. 𝑡. 𝑥𝑇𝑥 ≤ 1 𝐴 ∈ 𝑆𝑛, 𝐴 ≽ 0

Dual Function: 

g 𝜆 = min
𝑥

𝐿 𝑥, 𝜆 = 𝑥𝑇 𝐴 + 𝜆𝐼 𝑥 + 2𝑏𝑇𝑥 − 𝜆

Unbounded below if 𝐴 + 𝜆𝐼 ≽ 0 or if 𝐴 + 𝜆𝐼 ≽ 0 & 𝑏 ∉ 𝑅(𝐴 + 𝜆𝐼)
Minimized by 𝑥 = − A + 𝜆𝐼 +𝑏
Otherwise g 𝜆 = −𝑏𝑇 𝐴 + 𝜆𝐼 +𝑏 − 𝜆
Dual Problem:

𝒎𝒂𝒙 −𝒃𝑻 𝑨 + 𝝀𝑰 +𝒃 − 𝝀
𝒔. 𝒕. 𝑨 + 𝝀𝑰 ≽ 𝟎

𝒃 ∈ 𝑹(𝑨 + 𝝀𝑰)

𝒎𝒂𝒙 − 𝒕 − 𝝀

𝒔. 𝒕.
𝑨 + 𝝀𝑰 𝒃
𝒃𝑻 𝒕

≽ 𝟎

𝑰 𝟎

− 𝑨 + 𝝀𝑰 +𝒃
𝑻

𝑰
𝑨 + 𝝀𝑰 𝒃
𝒃𝑻 𝒕

𝑰 − 𝑨 + 𝝀𝑰 +𝒃
𝟎 𝑰

≽ 𝟎

𝑨 + 𝝀𝑰 𝟎
𝟎 −𝒃𝑻 𝑨 + 𝝀𝑰 +𝒃 + 𝒕

≽ 𝟎



Example: Discrete Problem
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Two-Way Partitioning Problem

Primal:  

𝑚𝑖𝑛 𝑥𝑇𝑊𝑥 𝑥 ∈ 𝑅𝑛, 𝑤𝑖𝑗 ∈ 𝑅

𝑠. 𝑡. 𝑥𝑖
2= 1 𝑖 = 1,… ,𝑚

𝑖. 𝑒. 𝑥𝑖 ∈ −1, 1 , 𝑥𝑇𝑊𝑥 = σ𝑖𝑗 𝑥𝑖𝑥𝑗𝑤𝑖𝑗

Not a convex opt problem (Partitioning is an NP complete problem)

We can assume that 

𝑊 ∈ 𝑆𝑛 (𝑥𝑇𝑊𝑥 =
1

2
𝑥𝑇𝑊𝑥 +

1

2
𝑥𝑇𝑊𝑇𝑥 =

1

2
𝑥𝑇 𝑊 +𝑊𝑇 𝑥)

Lagrangian:

𝐿 𝑥, 𝑣 = 𝑥𝑇𝑊𝑥 +σ𝑖=1
𝑛 𝑣𝑖(𝑥2

2 − 1) = 𝑥𝑇 𝑊 + 𝑑𝑖𝑎𝑔 𝑣 𝑥 − 𝐼𝑇𝑣

Lagrange dual function:

𝑔 𝑣 = inf
𝑥
𝑥𝑇 𝑊 + 𝑑𝑖𝑎𝑔 𝑣 𝑥 − 𝐼𝑇𝑣 =ቊ

−𝐼𝑇𝑣, 𝑊 + 𝑑𝑖𝑎𝑔 𝑣 ≽ 0
−∞, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



Example: Discrete Problem
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Dual:  

𝑚𝑎𝑥 𝑔 𝑣 = −𝐼𝑇𝑣
𝑠. 𝑡. 𝑊 + 𝑑𝑖𝑎𝑔 𝑣 ≽ 0

Solution 𝑣 = −𝜆𝑚𝑖𝑛 𝑊 1
𝑝∗ ≥ 𝑑∗ = −1𝑇𝑣 = 𝑛𝜆𝑚𝑖𝑛 𝑊



Examples: Conjugate Function
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min 𝑓0(𝑥)
𝑠. 𝑡. 𝐴𝑥 ≼ 𝑏

𝐶𝑥 = 𝑑
Dual function

𝑔 𝜆, 𝑣 = inf
𝑥∈𝑑𝑜𝑚𝑓0

(𝑓0 𝑥 + 𝜆𝑇 𝐴𝑥 − 𝑏 + 𝑣𝑇 𝐶𝑥 − 𝑑 )

= inf
𝑥∈𝑑𝑜𝑚𝑓0

(𝑓0 𝑥 + 𝐴𝑇𝜆 + 𝐶𝑇𝑣 𝑇𝑥 − b𝑇λ − 𝑑𝑇𝑣)

= −𝑓0
∗ −𝐴𝑇𝜆 − 𝐶𝑇𝑣 − 𝑏𝑇𝜆 − 𝑑𝑇𝑣

Where 𝑓0
∗ 𝑦 = max

𝑥∈𝑑𝑜𝑚𝑓
𝑦𝑇𝑥 − 𝑓0(𝑥)

Conjugate function

𝒎𝒊𝒏 𝒄𝑻𝒙
𝒔. 𝒕. 𝑨𝒙 = 𝒃

𝒙 ≽ 𝟎

𝒎𝒊𝒏 𝒄𝑻𝒙
𝒔. 𝒕. 𝑨𝒙 ≼ 𝒃

𝒎𝒂𝒙 −𝒃𝑻 𝒗
𝒔. 𝒕. 𝑨𝑻𝒗 + 𝒄 ≽ 𝟎

𝒎𝒂𝒙 −𝒃𝑻 𝝀
𝒔. 𝒕. 𝑨𝑻𝝀 + 𝒄 = 𝟎

𝝀 ≽ 𝟎



Examples: Entropy Maximization
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min𝑓0 𝑥 = σ𝑖=1
𝑛 𝑥𝑖𝑙𝑜𝑔𝑥𝑖 , 𝑥 ∈ 𝑅++

𝑛

𝑠. 𝑡. 𝐴𝑥 ≼ 𝑏
1T𝑥 = 1

Since    𝑓0
∗ 𝑦 = σ𝑖=1

𝑛 𝑒𝑦𝑖−1 , 𝑦𝑖 ∈ 𝑅
Thus, the dual function is 

𝑔 𝜆, 𝑣 = −𝑏𝑇𝜆 − 𝑣 − σ𝑖=1
𝑛 𝑒−𝑎𝑖

𝑇𝜆−𝑣 −1

= −𝑏𝑇𝜆 − 𝑣 − 𝑒−𝑣−1σ𝑖=1
𝑛 𝑒−𝑎𝑖

𝑇𝜆 , ai: the i
thcolumn of A.

To maximize 𝑔 𝜆, 𝑣 , we set 𝑣 = 𝑙𝑜𝑔σ𝑖=1
𝑛 𝑒−𝑎𝑖

𝑇𝜆 − 1

Dual Problem

max −𝑏𝑇𝜆 − log(σ𝑖=1
𝑛 𝑒−𝑎𝑖

𝑇𝜆)
𝑠. 𝑡. 𝜆 ≽ 0



Examples: Minimum Volume Covering Ellipsoid
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min 𝑓0 𝑥 = log det 𝑋−1 , 𝑋 ∈ 𝑆++
𝑛

𝑠. 𝑡. 𝑎𝑖
𝑇𝑋𝑎𝑖 ≤ 1, 𝑖 = 1,… ,𝑚

Lagrangian

𝐿 𝑥, 𝜆 = 𝑙𝑜𝑔𝑑𝑒𝑡𝑋−1 +σ𝑖=1
𝑚 𝜆𝑖𝑎𝑖

𝑇𝑋𝑎𝑖 − 1𝑇𝜆 , 𝜆 ∈ 𝑅+
𝑚

Lagrange dual function

𝑔 𝜆 = min
𝑥

𝐿 𝑥, 𝜆 , 𝜆 ∈ 𝑅+
𝑚

Dual Problem

max 𝑙𝑜𝑔𝑑𝑒𝑡 σ𝑖=1 𝜆𝑖𝑎𝑖𝑎𝑖
𝑇 − 1𝑇𝜆 + 𝑛

𝑠. 𝑡. σ𝑖=1 𝜆𝑖𝑎𝑖𝑎𝑖
𝑇 ≻ 0, 𝜆 ∈ 𝑅+

𝑚



Interpretation: Saddle-point
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max
𝑧∈𝑍

min
𝑤∈W

𝑓 𝑤, 𝑧 ≤ min
𝑤∈𝑊

max
𝑧∈𝑍

𝑓(𝑤, 𝑧)
max
𝑧∈𝑍

𝑔(𝑧)

𝑔 𝑧 = min
𝑤

𝑓(𝑤, 𝑧)

Example : 𝑓 𝑤, 𝑧 𝑤 =
1
2
3

1 −1 3
2 2 −1
3 1 −2

𝑧 = 1, 2, 3

I. z decides first 

min
𝑤∈𝑊

𝑓 𝑤, 1 = 1

min
𝑤∈𝑊

𝑓 𝑤, 2 = −1

min
𝑤∈𝑊

𝑓 𝑤, 3 = −2

max
𝑧∈𝑍

min
𝑤∈𝑊

𝑓 𝑤, 𝑧 = 1

II. w decides first 

m𝑎𝑥
𝑧∈𝑍

𝑓 1, 𝑧 = 3

m𝑎𝑥
𝑧∈𝑍

𝑓 2, 𝑧 = 2

m𝑎𝑥
𝑧∈𝑍

𝑓 3, 𝑧 = 3

m𝑖𝑛
𝑤∈𝑊

max
𝑧∈𝑍

𝑓 𝑤, 𝑧 = 2



Interpretation: Saddle-point
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Claim : Result of II > Result of I
Given an arbitrary pair ෥𝑤, ǁ𝑧 ∈ 𝐷

min
𝑤∈𝑊

𝑓 𝑤, ǁ𝑧 ≤ 𝑓 ෥𝑤, ǁ𝑧 ≤ m𝑎𝑥
𝑧∈𝑍

𝑓 ෥𝑤, 𝑧 ∀෥𝑤, ǁ𝑧 ∈ 𝐷

min
𝑤∈𝑊

𝑓 𝑤, ǁ𝑧 ≤ m𝑎𝑥
𝑧∈𝑍

𝑓 ෥𝑤, 𝑧

Thus m𝑎𝑥
𝑧∈𝑍

min
𝑤∈𝑊

𝑓 𝑤, 𝑧 ≤ min
𝑤∈𝑊

m𝑎𝑥
𝑧∈𝑍

𝑓 𝑤, 𝑧
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Example : 𝑓 𝑤, 𝑧 𝑤 =
1
2
3

1 1 1
2 2 2
3 3 3

𝑧 = 1, 2, 3

min
𝑤∈𝑊

𝑓 𝑤, 1 = 1

min
𝑤∈𝑊

𝑓 𝑤, 2 = 1

min
𝑤∈𝑊

𝑓 𝑤, 3 = 1

max
𝑧∈𝑍

min
𝑤∈𝑊

𝑓 𝑤, 𝑧 = 1

m𝑎𝑥
𝑧∈𝑍

𝑓 1, 𝑧 = 1

m𝑎𝑥
𝑧∈𝑍

𝑓 2, 𝑧 = 2

m𝑎𝑥
𝑧∈𝑍

𝑓 3, 𝑧 = 3

m𝑖𝑛
𝑤∈𝑊

max
𝑧∈𝑍

𝑓 𝑤, 𝑧 = 1

Interpretation: Saddle-point
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Example : 𝑓 𝑤, 𝑧 𝑤 =
1
2
3

1 3 2
2 1 3
3 2 1

𝑧 = 1, 2, 3

min
𝑤∈𝑊

𝑓 𝑤, 1 = 1

min
𝑤∈𝑊

𝑓 𝑤, 2 = 1

min
𝑤∈𝑊

𝑓 𝑤, 3 = 1

max
𝑧∈𝑍

min
𝑤∈𝑊

𝑓 𝑤, 𝑧 = 1

m𝑎𝑥
𝑧∈𝑍

𝑓 1, 𝑧 = 3

m𝑎𝑥
𝑧∈𝑍

𝑓 2, 𝑧 = 3

m𝑎𝑥
𝑧∈𝑍

𝑓 3, 𝑧 = 3

m𝑖𝑛
𝑤∈𝑊

max
𝑧∈𝑍

𝑓 𝑤, 𝑧 = 3

Interpretation: Saddle-point
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Example : 𝑓 𝑤, 𝑧 𝑤 =
1
2
3

4 6 3
2 3 1
3 5 2

𝑧 = 1, 2, 3

Interpretation: Saddle-point



Saddle Point (ref: Von Neumann, Dantzig, Nash)

1. Definition

Given function 𝑓 𝑤, 𝑧 ,

෥𝑤, ǁ𝑧 is a saddle point of 𝑓(𝑤, 𝑧)

if 𝑚𝑎𝑥
𝑧

𝑓 ෥𝑤, 𝑧 = 𝑓(෥𝑤, ǁ𝑧)

𝑚𝑖𝑛𝑤 𝑓 𝑤, ǁ𝑧 = 𝑓(෥𝑤, ǁ𝑧)

2. Theorem I

max
𝑧

min
𝑤

𝑓 𝑤, 𝑧 = min
𝑤

max
𝑧

𝑓(𝑤, 𝑧)

iff a saddle point of 𝑓 𝑤, 𝑧 exists.

21



Saddle Point: Theorem I Proof
max
𝑧

min
𝑤

𝑓 𝑤, 𝑧 = min
𝑤

max
𝑧

𝑓(𝑤, 𝑧)

iff a saddle point of 𝑓 𝑤, 𝑧 exists.

Proof: => Let

෥𝑤 = arg𝑤min
𝑤

max
𝑧

𝑓(𝑤, 𝑧)

ǁ𝑧 = arg𝑧max
𝑧

min
𝑤

𝑓(𝑤, 𝑧)

We have

𝑓 ෥𝑤, ǁ𝑧 ≤ max
𝑧

𝑓 ෥𝑤, 𝑧 = min
𝑤

𝑓 𝑤, ǁ𝑧 ≤ 𝑓 ෥𝑤, ǁ𝑧

By definition (෥𝑤, ǁ𝑧) is a saddle point.
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Saddle Point: Theorem I Proof
max
𝑧

min
𝑤

𝑓 𝑤, 𝑧 = min
𝑤

max
𝑧

𝑓(𝑤, 𝑧)

iff a saddle point of 𝑓 𝑤, 𝑧 exists.

Proof: <= Assume that (෥𝑤, ǁ𝑧) is a saddle point.

We have 

max
𝑧

min
𝑤

𝑓 𝑤, 𝑧 ≥ min
𝑤

𝑓(𝑤, ǁ𝑧) = 𝑓(෥𝑤, ǁ𝑧)

min
𝑤

max
𝑧

𝑓 𝑤, 𝑧 ≤ max
𝑧

𝑓 ෥𝑤, 𝑧 = 𝑓(෥𝑤, ǁ𝑧)

Thus, max
𝑧

min
𝑤

𝑓 𝑤, 𝑧 = min
𝑤

max
𝑧

𝑓(𝑤, 𝑧)
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Saddle Point: 2-D Table Formulation

The row and column selection is formulated 

as a bilinear optimization problem

• 𝑓 𝑤, 𝑧 = σ𝑖σ𝑗 𝑎𝑖𝑗 𝑤𝑖𝑧𝑗

Constraint I: row and column selection

• 𝑤𝑖 , 𝑧𝑗 ∈ 0,1 , σ𝑖𝑤𝑖 = 1, σ𝑗 𝑧𝑗 = 1.

Constraint II: Relaxed discrete constraints

σ𝑖𝑤𝑖 = 1, σ𝑗 𝑧𝑗 = 1, 𝑤𝑖 ≥ 0, 𝑧𝑗 ≥ 0, ∀𝑖, 𝑗

24



Saddle Point: 2-D Table Formulation

Find a saddle point of 𝑓(𝑤, 𝑧) under constraint I.

Theorem II: A saddle point of 2-D table 

formulation can be solved if 𝑓 𝑤, 𝑧 is convex 

w.r.t. 𝑤, and concave w.r.t. 𝑧.

25



Saddle Point:

1. The optimization problem with relaxed 

constraints can be solved with algorithms 

(Dantzig)

2. Since 𝑓 𝑤, 𝑧 is convex w.r.t. 𝑤, and 

concave w.r.t. 𝑧, the solution can be reduced 

to constraint I (row and column selection), 

(෥𝑤, ǁ𝑧).

3. From 2, (෥𝑤, ǁ𝑧) is a saddle point by 

definition.
26



Geometric Interpretation

27

𝑚𝑖𝑛 𝑓𝑜 𝑥 𝑡
𝑠. 𝑡. 𝑓1 𝑥 ≤ 0 (𝑢 ≤ 0)

𝑔 𝜆 = min
𝑢,𝑡 ∈𝐺

𝑡 + 𝜆𝑢 𝐺 = {(𝑓1 𝑥 , 𝑓𝑜 𝑥 )|𝑥 ∈ 𝐷}

𝑔 𝜆 = 𝜆𝑢 + 𝑡
supporting hyperplane to 𝐺
that intersects t axis at 𝑡 = 𝑔(𝜆)

𝑢



Duality via Separating Hyperplane

28

Set 𝐺 = { 𝑓1 𝑥 ,… , 𝑓𝑚 𝑥 , ℎ1 𝑥 ,… , ℎ𝑝 𝑥 , 𝑓𝑜 𝑥 x ∈ 𝐷 ,

𝐺 ∈ 𝑅𝑚 × 𝑅𝑝 × 𝑅, 𝑝∗ = inf{𝑡| 𝑢, 𝑤, 𝑡 ∈ 𝑔, 𝑢 ≤ 0,𝑤 = 0}

Lagrangian 𝐿 = 𝜆, 𝑣, 1 𝑇 𝑢,𝑤, 𝑡 = σ𝑖=1
𝑚 𝜆𝑖𝑢𝑖 + σ𝑖=1

𝑝
𝑣𝑖 𝑤𝑖 + 𝑡

Dual Problem 𝑔 𝜆, 𝑣 = inf{ 𝜆, 𝑣, 1 𝑇(𝑢, 𝑤, 𝑡)| 𝑢,𝑤, 𝑡 ∈ 𝐺}

Separating hyperplane: Example

{(𝑢, 𝑡)|𝑓𝑜 𝑥 ≤ 𝑡, 𝑓1 𝑥 ≤ 𝑢, ∃𝑥 ∈ 𝐷}

ሚ𝜆, ෤𝑣, ෤𝜇
𝑇
𝑢,𝑤, 𝑡 ≥ 𝛼, ∀ 𝑢,𝑤, 𝑡 ∈ 𝐴

ሚ𝜆, ෤𝑣, ෤𝜇
𝑇
𝑢,𝑤, 𝑡 ≤ 𝛼, ∀ 𝑢,𝑤, 𝑡 ∈ 𝐵

Since ෤𝜇 ≠ 0, we can have 𝜆, 𝑣, 1 = (
෩𝜆

෥𝜇
,
෤𝑣

෥𝜇
, 1)

𝐴 = {(𝑢,𝑤, 𝑡)|∃𝑥 ∈ 𝐷, 𝑓𝑖 𝑥 ≤ 𝑢𝑖 , 𝑖 = 1,… ,𝑚,
ℎ𝑖 𝑥 = 𝑤𝑖 , 𝑖 = 1,… , 𝑝, 𝑓𝑜 𝑥 ≤ 𝑡}



Lagrange dual problem
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𝑚𝑎𝑥 𝑔(𝜆, 𝑣)
𝑠. 𝑡. 𝜆 ≥ 0

Properties 

This is a convex problem.

The opt. solution is denoted as 𝑑∗

𝑝∗ − 𝑑∗ = 𝑔𝑎𝑝 ≥ 0
If 𝑔𝑎𝑝 > 0, it is a weak duality.

If 𝑔𝑎𝑝 = 0, it is a strong duality.

Slater’s condition

Given that the primal problem is convex,

If 𝑓𝑖 𝑥 < 0, 𝑖 = 1,… ,𝑚, ∃𝑥 ∈ 𝑟𝑒𝑙𝑖𝑛𝑡 𝐷
Then strong duality holds.

relint: relative interior of set D

𝑟𝑒𝑙𝑖𝑛𝑡 𝐶 = 𝑥 ∈ 𝐶 𝐵 𝑥, 𝑟 ∩ 𝑎𝑓𝑓 𝐶 ⊆ 𝐶 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑟 > 0
𝐵 𝑥, 𝑟 = {𝑦| 𝑦 − 𝑥 ≤ 𝑟}

any norm
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min 𝑐1𝑥1 + 𝑐2𝑥2 + 𝑐3𝑥3

𝑣11 𝑣12 𝑣13
𝑣21 𝑣22 𝑣23
𝑣31 𝑣32 𝑣33

𝑥1
𝑥2
𝑥3

≽

𝑏1
𝑏2
𝑏3

, 𝑥i ≥ 0, ∀𝑖

Dual 𝑚𝑎𝑥 𝜆𝑇𝑏
𝑠. 𝑡. 𝐴𝑇𝜆 ≼ 𝑐

𝜆 ≽ 0

m𝑎𝑥 𝜆1𝑏1 + 𝜆2𝑏2 + 𝜆3𝑏3

s.t. 

𝑣11 𝑣21 𝑣31
𝑣12 𝑣22 𝑣32
𝑣13 𝑣23 𝑣33

𝜆1
𝜆2
𝜆3

≼

𝑐1
𝑐2
𝑐3

Primal 𝑚𝑖𝑛 𝑐𝑇𝑥
𝑠. 𝑡. 𝐴𝑥 ≽ 𝑏

𝑥 ≽ 0

𝑚𝑖𝑛 𝑐𝑇𝑥
𝑠. 𝑡. −𝐴𝑥 + 𝑏 ≼ 0

−𝑥 ≼ 0

Lagrangian 𝐿 𝑥, 𝜆 = 𝑐𝑇𝑥 + 𝜆𝐼
𝑇 −𝐴𝑥 + 𝑏 + 𝜆𝐼𝐼

𝑇 −𝑥
= 𝑐𝑇 + 𝜆𝐼

𝑇 −𝐴 − 𝜆2
𝑇 𝑥 + 𝜆𝐼𝐼

𝑇 𝑏
𝑐𝑇 = 𝜆𝐼

𝑇 𝐴 + 𝜆𝐼𝐼
𝑇 , 𝑜𝑟 𝐴𝑇𝜆𝐼 ≤ 𝑐

Flour  protein powder

Veg.   vitamins A,B,D,E,K

Fruits  minerals

Shadow Price Interpretation: Food vs. Vitamin
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𝑚𝑖𝑛 𝑓𝑜 𝑥1, 𝑥2 =
1

2
𝑘1𝑥1

2 +
1

2
𝑘2 𝑥2 − 𝑥1

2 +
1

2
𝑘3 𝑙 − 𝑥2

2

𝑓𝑜 : potential energy    𝑘𝑖 > 0 : stiffness constant of spring i

𝑤/2 − 𝑥1 ≤ 0
𝑤 + 𝑥1 − 𝑥2 ≤ 0
𝑤/2 − 𝑙 + 𝑥2 ≤ 0

𝑚𝑖𝑛
1

2
(𝑘1𝑥1

2 + 𝑘2 𝑥2 − 𝑥1
2 + 𝑘3 𝑙 − 𝑥2

2)

𝜆1 𝑤/2 − 𝑥1 ≤ 0
𝜆2 𝑤 + 𝑥1 − 𝑥2 ≤ 0
𝜆3 𝑤/2 − 𝑙 + 𝑥2 ≤ 0
𝜆1 𝑤/2 − 𝑥1 = 0, 𝜆2 𝑤 − 𝑥2 + 𝑥1 = 0, 𝜆3 𝑤/2 − 𝑙 + 𝑥2 = 0
zero gradient condition

𝑘1𝑥1 − 𝑘2(𝑥2 − 𝑥1)

𝑘2 𝑥2 − 𝑥1 − 𝑘3(𝑙 − 𝑥2)
+ 𝜆1

−1
0

+ 𝜆2
1
−1

+𝜆3
0
1

=0

𝜆𝑖 : contact forces between the walls & blocks

Shadow Price Interpretation: Spring Energy & Force
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1. Primal constraints : 𝑓𝑖 𝑥 ≤ 0, 𝑖 = 1,… ,𝑚.
ℎ𝑖 𝑥 = 0, 𝑖 = 1,… , 𝑝.

2. Dual constraints : 𝜆 ≽ 0

3. Complementary slackness : 𝜆𝑖𝑓𝑖 𝑥 = 0, 𝑖 = 1,… ,𝑚.

4. Gradient of Lagrangian with respect to x variables

∇𝑥𝑓𝑜 𝑥 + σ𝑖=1
𝑚 𝜆𝑖∇𝑥𝑓𝑖 𝑥 + σ𝑖=1

𝑝
𝑣𝑖∇𝑥ℎ𝑖(𝑥) = 0

KKT (Karush-Kuhn-Tucker) Conditions

2. 𝑓𝑖 𝑥 , 𝑖 = 1,… ,𝑚, ℎ𝑖 𝑥 , 𝑖 = 1,… , 𝑝 𝑎𝑟𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒
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1. Primal, Lagrangian, and Dual

𝑚𝑖𝑛 𝑓𝑜(𝑥)
𝑓𝑖 ≤ 0
ℎ𝑖 = 0

𝐿 𝑥, 𝜆, 𝑣

= 𝑓𝑜 𝑥 +෍

𝑖=1

𝑚

𝜆𝑖𝑓𝑖(𝑥) +෍

𝑖=1

𝑝

𝑣𝑖ℎ𝑖 𝑥 , 𝜆𝑖 ≥ 0

max
𝜆,𝑣

min
𝑥
: 𝑥, 𝜆, 𝑣

= max
𝜆,𝑣

𝑔(𝜆, 𝑣)

m𝑖𝑛
𝑥

m𝑎𝑥
𝜆,𝑣

m𝑎𝑥
𝜆,𝑣

min
𝑥

(𝑑𝑢𝑎𝑙)

1. Feasibility 𝑥, 𝜆, 𝑣

2. 𝐿 𝑥, 𝜆, 𝑣 = 𝑓𝑜 𝑥 ቊ
𝜆𝑖 > 0 𝑖𝑓 𝑓𝑖 = 0
𝜆𝑖 = 0 𝑖𝑓 𝑓𝑖 < 0

3. 𝑔 𝜆, 𝑣 = min
𝑥

𝐿(𝑥, 𝜆, 𝑣) = 𝑓𝑜(𝑥)

Necessary condition for local optimality

Sufficient when the problem is convex & satisfy regularity 

conditions (Slater condition)

KKT (Karush-Kuhn-Tucker) Conditions
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Perturbed Problem

𝑚𝑖𝑛 𝑓𝑜(𝑥)
𝑠. 𝑡. 𝑓𝑖 ≤ 𝑢𝑖

ℎ𝑖(𝑥) = 𝑤𝑖

𝑚𝑎𝑥 ෤𝑔 = 𝑔 𝜆, 𝑣 − 𝑢𝑇𝜆 − 𝑤𝑇𝑣
𝑠. 𝑡. 𝜆 ≥ 0

𝑝∗ 𝑢,𝑤 = max
𝜆,𝑣

𝑔 𝜆, 𝑣 − 𝑢𝑇𝜆 − 𝑤𝑇𝑣

Unperturbed Problem

𝑢𝑖 = 𝑤𝑖 = 0

max𝑔 𝜆, 𝑣
𝑠. 𝑡. 𝜆 ≥ 0

𝑝∗ 0,0 , 𝜆∗, 𝑣∗

𝑝∗ 𝑢,𝑤 ≥ 𝑔 𝜆∗, 𝑣∗ − 𝑢𝑇𝜆∗ −𝑤𝑇𝑣∗ = 𝑝∗ 0,0 − uT𝜆∗ −𝑤𝑇𝑣∗

𝜆𝑖
∗ = ቚ−

𝜕𝑝∗ 𝑢,𝑤

𝜕𝑢𝑖
𝑢,𝑤 = (0,0),  𝑣𝑖

∗ = ቚ−
𝜕𝑝∗ 𝑢,𝑤

𝜕𝑤𝑖
𝑢,𝑤 = (0,0)

Proof : 
𝜕𝑝∗ 0,0

𝜕𝑢𝑖
= lim

𝑡↘0

𝑝∗ 𝑡𝑒𝑖,0 −𝑝∗(0,0)

𝑡
≥ −𝜆𝑖

∗

𝜕𝑝∗ 0,0

𝜕𝑢𝑖
= lim

𝑡↗0

𝑝∗ 𝑡𝑒𝑖,0 −𝑝∗(0,0)

𝑡
≤ −𝜆𝑖

∗

hence, equality          

Sensitivity
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Primal 𝑚𝑖𝑛 𝑓𝑜(𝑥)
𝑓𝑖 ≼𝐾𝑖 0, 𝑖 = 1,… ,𝑚

ℎ𝑖 = 0, 𝑖 = 1,… , 𝑝

𝐿 𝑥, 𝜆, 𝑣 = 𝑓𝑜 𝑥 +෍

𝑖=1

𝑚

𝜆𝑖
𝑇𝑓𝑖(𝑥) +෍

𝑖=1

𝑝

𝑣𝑖ℎ𝑖 𝑥 ,

𝑔(𝜆, 𝑣)= inf
𝑥
𝐿(𝑥, 𝜆, 𝑣)

Generalized Inequalities

Lagrangian

𝜆𝑖 ≽𝐾𝑖
∗ 0, 𝑖 = 1,… ,𝑚, 𝜆𝑖 ∈ 𝑅𝑘𝑖

Lagrange Dual
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1. Primal constraints : 𝑓𝑖 𝑥 ≼𝐾𝑖 0, 𝑖 = 1,… ,𝑚.

ℎ𝑖 𝑥 = 0, 𝑖 = 1,… , 𝑝.
2. Dual constraints : 𝜆 ≽𝐾𝑖

∗ 0

3. Complementary slackness : 𝜆𝑖
𝑇𝑓𝑖 𝑥 = 0, 𝑖 = 1,… ,𝑚.

4. Gradient of Lagrangian with respect to x variables

∇𝑥𝑓𝑜 𝑥 + σ𝑖=1
𝑚 𝜆𝑖

𝑇∇𝑥𝑓𝑖 𝑥 + σ𝑖=1
𝑝

𝑣𝑖∇𝑥ℎ𝑖(𝑥) = 0

Generalized Inequality: KKT Conditions

𝑚𝑖𝑛 𝑓𝑜(𝑥)
𝑠. 𝑡 𝑓𝑖 ≼𝐾𝑖 0, 𝑖 = 1,… ,𝑚

ℎ𝑖 = 0, 𝑖 = 1,… , 𝑝
𝑓𝑖 𝑥 , 𝑖 = 1,… ,𝑚, ℎ𝑖 𝑥 , 𝑖 = 1,… , 𝑝 are differentiable
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Primal 𝑚𝑖𝑛 𝑓𝑇𝑥

𝐴𝑖𝑥 + 𝑏𝑖 2
≤ 𝑐𝑖

𝑇𝑥 + 𝑑, 𝑖 = 1,… ,𝑚

𝐿 𝑥, 𝜆, 𝑣 = 𝑓𝑇𝑥 − σ(𝑧𝑖
𝑇 𝐴𝑖𝑥 + 𝑏𝑖 +𝑤𝑖 𝑐𝑖

𝑇 + 𝑑𝑖 )

Generalized Inequalities: SOCP

Lagrangian

Lagrange Dual

𝑧𝑖 ≤ 𝑤𝑖 , 𝑖 = 1,… , 𝑘

max −σ𝑖(𝑏𝑖
𝑇𝑧𝑖 + 𝑑𝑖𝑤𝑖)

(𝑧𝑖 , 𝑤𝑖) ∈ 𝐾𝑖
∗, 𝑖 = 1,… ,𝑚

i.e. (𝐴𝑖𝑥 + 𝑏𝑖 , 𝑐𝑖
𝑇 + 𝑑𝑖 ) ∈ 𝐾𝑖 , 𝑖 = 1,… ,𝑚

σ𝑖𝐴𝑖
𝑇𝑧𝑖 + 𝑐𝑖𝑤𝑖 = 𝑓
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Primal 𝑚𝑖𝑛 𝑐𝑇𝑥
𝑥1𝐹1 +⋯+ 𝑥𝑛𝐹𝑛 + 𝐺 ≼ 0,where 𝐹1, … , 𝐹𝑛, 𝐺 ∈ 𝑆𝑘

𝐿 𝑥, 𝜆, 𝑣 = inf
𝑥
(𝑐𝑇𝑥 + 𝑡𝑟 (𝑥1𝐹1 +⋯+ 𝑥𝑛𝐹𝑛 + 𝐺 𝑍)) ,

𝑔(𝜆, 𝑣)= inf
𝑥
𝐿(𝑥, 𝜆, 𝑣)

Generalized Inequalities: Semidefinite Program

Lagrangian

𝑍 ∈ 𝑆+
𝑘

Lagrange Dual

max
𝑍

𝑡𝑟(𝐺𝑍)

𝑡𝑟 𝐹𝑖𝑍 + 𝑐𝑖 = 0, 𝑖 = 1,… , 𝑛

𝑍 ≽ 0

Dual
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Chapter 5 Summary
• Duality provides a lower bound of the problem even the 

primal may not be convex.

• KKT conditions convert the minimization problem into 

equations.

• Lagrange multipliers provide the sensitivity of the 

constraints.

• Generalized inequality broadens the scope of convex 

optimization.
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