Lagrange dual problem

max g(A,v)
s.t. A>20 l
Properties A= | , /
This is a convex problem. \ Llf)}
The opt. solution is denoted as d*

p*—d*=gap =0

&/\\ \

If gap > 0, it is a weak duality.
If gap = 0, it is a strong duality.

Slater’s condition
Given that the primal problem is convex,
Iff;(x)<0,i=1,..,m,3x € relint D
Then strong duality holds.
relint C ={x € C|B(x,r) naff C S C for somer > 0}
B(x,r) = (yllly —xll <7 )
\

any norm

Shadow Price Interpretation: Food vs. Vitamin

Flour protein powder

relint: relative interior of set D

=

Primal minc’x

mincTx Veg. vitamins A,B,D,E,K

s.t. Ax 2b s.t. —Ax + b < 0 Fruits minerals
x>0 —x=<0
_ Vi1 V12 Vi3] [*1 by
min ¢, Xy + €X + C3X3 V21 Va2 Vaz||X2| = |ba|,x; = 0,Vi
V31 V32 Vs3] lX3 b

Dual maxATh max Ay by + A;b, + A3b
s.t. ATA % C V11 V21 v31 }.1 C1
A=0 S.t. |V12 Vyo V32 /12 < |C2
Vi3 V23 V33l|A; C3
Lagrangian  L(x,1) = c¢"x + A (—Ax + b) + 2(—x)

= [cT + 3 (—A4) — ]x + A%b
cT=23(A)+ g orATAx <c
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hadow Price Interpretation: Spring Energy & Force

1 1 1
min f,(x1,%3) = 5 kix7 + 5ka(xz — %)% + S ks (L — x2)°
2 2 2

f, : potential energy k; > 0 : stiffness constant of spring i
W/2 — X1 <0
w+x— Xy < 0
w/2—1l+x,<0
min% (kyx? + kp(x — x1)% + k3 (1 — x2)%)
Ay w/2—=x,=<0
Ay w+x1—x,=50
Az w/2—-1+x,<0
AW/2—x)=0,2W=—x;, +x) =0A3(Ww/2—1+x;) =0
zero gradient condition

kix, —k — B
[kz (lexl_ xl)zfxll (lx—l)xz) th [ 01] 42 [——11] 43 [(1)]:0

A; : contact forces between the walls & blocks 31

KKT (Karush-Kuhn-Tucker) Conditions

2. fi(x),i=1,..,m, hj(x), i=1,..,paredif ferentiable

1. Primal constraints : f;(x) < 0,i =1, ..., m.
hi(X) =0,i =1, —, P,

2. Dual constraints : A = 0

3. Complementary slackness : 4;f;(x) =0,i =1, ..,m. 15; fg()()< 0, 7;5\92 O.

4. Gradient of Lagrangian with respect to x variables Else ]CL (x)=0, 9\2 70,
Vifo (x) + Z:’;1 AV filx) + Zlio=1 v;Viehi(x) =0

( szo (] +Za,f°,‘ x;v{fz «) Z0 _’H&P@blﬁm 7 canu«ao()
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X, %, X3 =20

max AL+ Asby + X3bs + Aa b+ Ao b
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KKT (Karush-Kuhn-Tucker) Conditions

1. Primal, Lagrangian, and Dual max mi min: (x, 4, v)
minf,(x) L(x,A,v) ' = max g(/l V)
fi<0
h =0 —focx)+zalfl(x)+zvh(xu >0
min max max min (dual)

x Av Av x

1. Feasibility (x, 4, v)
B A >0iffi=0
2' L(x;;llv)—fO(x) {AL =Olfﬁ_ <O

3.94,v) = mxin L(x,4,v) = f,(x)

Necessary condition for local optimality
Sufficient when the problem is convex & satisfy regularity

conditions (Slater condition)
33

Sensitivity
Perturbed Problem Unperturbed Problem
min f,(x) ui=w; =0
s.t. i<y
hi(x) = w;
maxd = g4, v) —uTdl—wlv max g(A, v)
s.t. 120 s.t. 120
p*(u,w) = max g4 v) —ufA—wTy p*(0,0),1*v*

p*(u,w) = g% v*) —ul2* —wlv* = p*(0,0) —uTA* — wTv*
% = =250 (w,w) = (00), vi = =28 (4,w) = (0,0)

ow;

a * . — *
Proof ; 2200 _ i, 2(ter0)-p"(0.0) > —A;
ou; t\o t
ap*(0,0) — l m (tei,O)—p*(0,0) < _A*
du; t70 t -t

hence, equality 34



Generalized Inequalities
Primal min .fO (x)
fi <Ki 0,l == 1, e, M

hi = O,l = 1, o, P
Lagrangian

m [4
LG 2,v) = fo0) + Y AT + ) vihy (),
i=1 i=1

Az 0,i=1,..,m, A € RN

Lagrange Dual
g4, v)= igclf L(x,A,v)

Generalized Inequality: KKT Conditions

min f,(x)
s.tfi<g; 0,i= 1,..,m

hi = O,l = 1,...,p
fi(x),i=1,..,m, hi(x), i =1,..,pare differentiable

1. Primal constraints : f;(x) <g,; 0,i =1,..,m.
hi(X) =0,i= 1, ey P
2. Dual constraints : 4 Zg> 0

3. Complementary slackness : A f;(x) = 0,i = 1,...,m.

4. Gradient of Lagrangian with respect to x variables
Vafo () + T A Vo fi () + 204 viVichi(x) = 0

35
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