Saddle Point: 2-D Table Formulation

Find a saddle point of f (w, z) under constraint I.

Theorem II: A saddle point of 2-D table
formulation can be solved if f(w, z) is convex
w.r.t. w, and concave w.r.t. Z.
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Saddle Point:

1. The optimization problem with relaxed ,
constraints can be solved with algorithms "
(Dantzig)

e max, min, f(w,z) = min,, max, f(w,z)

2. Since f(w, z) is convex w.r.t. w, and
concave w.r.t. z, the solution can be reduced
to constraint I (row and column selection),
(W, 2).

3. From 2, (W, Z) is a saddle point by
definition.
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Geometric Interpretation

min f, (x) (t) / L
s.t.f1(x) <0 (u<0) 5 5 /
g = p t+ u G ={(f,(x), fo(x))|x € D}

L= T+ AU
LJ (/\) = m n L(X.A)
gA)=Au+t f S\
supporting hyperplane to ¢ X
that intersects 7 axis at t = g(A1) — — max _t -\ U
Y:
= (AU T
P ARVAN

g
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Duality via Separating Hyperplane

Set 6 = (.G, fin (), 1 (), o, By (1), fo () ) Ix € D},
G € R™ X RP X R,p* = inf{t|(u,w,t) € g,u < 0,w =0}

Lagrangian L = (4, v, DT (u,w,t) = X2, u; + Zf=1 viw; +t
Dual Problem g(4,v) = inf{(4, v, DT (u,w, t)|(u,w, t) € G}
Separating hyperplane: Example

{wlfe(x) <t filx) <u,3x € D}

(1,7, ﬁ)T(u, wt)>a  Y(uwt)€EA
(4,7, [I)T(u wt)<a,  V(uwt)€EB
Since ji # 0, we can have (4,v,1) = (~, 1)

A={(uwt)|[A3x €D, fi(x) Su;,i= 1, ., m
hi(x) =w;,i=1,..,p,[r(x) <t}
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Lagrange dual problem

max g(A,v)
s.t. 1=20 )

Properties A= @f
This is a convex problem. \

The opt. solution is denoted as d* a / \
p*—d*=gap =0 -
If gap > 0, it is a weak duality.

If gap = 0, it is a strong duality.

Slater’s condition relint: relative interior of set D
Given that the primal problem is convex,
Iffi(x)<0,i=1,..,m3x Erelint D
Then strong duality holds.
relint C ={x € C|B(x,r) naff C € C for somer > 0}
B(x,r) = {llly - xll\s r} »

any norm

Shadow Price Interpretation: Food vs. Vitamin

Flour protein powder

Primal mincTx minclx Veg. vitamins A,B,D,E,K
s.t. Ax b s.t. —Ax + b < 0 Fruits minerals
x =0 —X <

Vi1 V12 Vi3
m;nclx1+c2x2+ch3 Vy1 Vyz Usg

V31 V32 Vs

] l ],xi = O,Vi
Dual maxATh max A1by + A0, + A b

s.t. ATA< ¢ Vi1 V21 V31 1
1=0 s.t. [Viz2 V22 V32
Vi3 Va3 V33

Lagrangian L(x,A) = cTx + AL (—Ax + b) + /17
= [cT + AT (-4) - /1T]x+)LTb
=T+ 1Y, orATA; <c
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Shadow Price Interpretation: Spring Energy & Force

; 1,1 2, 1 2
min f,(x1,x2) = §k1x1 + Ekz(xz —x)° + Eks (I —x3)

f, : potential energy k; > O : stiffness constant of spring i
w/2—x,=<0
wH+x,—x, <0
w/2—1+x,<0
min (kyx} + ka2 = 2 + ksl = 1))
/11 W/2 — X1 <0
AZ w + X1 — X2 S 0
/13 W/2"l+x2S0
Aw/2—x)=0,w—x, +x) =0,A3(w/2-1+x;) =0
zero gradient condition

kix; — k — B
e R g A B R H

A; : contact forces between the walls & blocks 31

KKT (Kanish-Kuhn-Tucker) Conditions

2. fi(x),i=1,..,m, hij(x), i =1,..,paredif ferentiable

1. Primal constraints : f;(x) < 0,i =1, ...,m.
h(x)=0,i=1,..,p.

2. Dual constraints : 4 = 0
3. Complementary slackness : 4;f;(x) = 0,i =1, ...,m.

4. Gradient of Lagrangian with respect to x variables
Vifo(x) + Zyil AiVyfi(x) + Z?=1 viViehi(x) =0
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