Interpretation: Saddle-point
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Saddle Point \/on Mewmann Dm"zfaa/ Nash
1. Definition
Given function f(w, z),
(W, Z) is a saddle point of f(w, z)
if max fw,z) = f(W,2)
min,, f(w,2) =f(W,Z)
2. Theorem I

max min f(w, z) = minmax f(w, z)
Z w w VA
iff a saddle point of f(w, z) exists.
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Saddle Point: Theorem I Proof

max min f(w, z) = min max f(w, z)
Z w w VA

iff a saddle point of f(w, z) exists.

Proof: => Let
W = arg,, minmax f (w, z)
w Z

Z = arg, max, min,, f(w, z)

We have

f(W,Z2) <maxf(W,z) =minf(w,2) < f(W, 2)
Z w

By definition (W, Z) is a saddle point.
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Saddle Point: Theorem I Proof

max min f(w, z) = min max f(w, z)
VA w w Z

iff a saddle point of f(w, z) exists.
Proof: <= Assume that (%, Z) is a saddle point.

We have
max min f(w,z) = min f(w,Z) = f(W, 2)
Z w w

mvgn max flw,z) < max fW,z) = f(W,2)

Thus, max, min,, f(w, z) = min,, max, f(w, z)
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Saddle Point: 2-D Table Formulation

The row and column selection is formulated
as a bilinear optimization problem

o fw,z) =2, 2 aij Wiz

Constraint I: row and column selection
* W;, Zj € {0,1},2;w; =1, Z]-zj = 1.
Constraint II: Relaxed discrete constraints
Yiw; =1, Z]-Zj =1, w; 20,z =2 0,Vi,j

24



Saddle Point: 2-D Table Formulation

Find a saddle point of f (w, z) under constraint I.

Theorem II: A saddle point of 2-D table
formulation can be solved if f(w, z) is convex
w.r.t. w, and concave w.r.t. z.
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Saddle Point;

1. The optimization problem with relaxed
constraints can be solved with algorithms o
(Dantzig) :

 max, min,, f(w,z) = min,, max, f(w,z)

2. Since f(w, z) is convex w.r.t. w, and
concave w.r.t. z, the solution can be reduced
to constraint I (row and column selection),
(W, 2).

3. From 2, (W, Z) is a saddle point by
definition.
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Geometric Interpretation

min fo(x)  (t)
s.t.fi(x) <0 (w<0)

g) = min. t+u G = {(fi(x), fo(x))|x € D}

gA)=u+t
supporting hyperplane to G
that intersects ¢ axis at t = g(4)
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Duality via Separating Hyperplane

St G = (o), o, fn (@), ha (), o, By (), o () [x € DY,
G € R™ X RP x R,p* = inf{t|(u,w,t) € g,u < 0,w = 0}

Lagrangian L = (A, v, )T (w,w, t) = X2, Aiu; + Z’f:l viw; +t
Dual Problem g(4, v) = inf{(4, v, DT (w,w, t)|(u, w, t) € G}
Separating hyperplane: Example

{w)lfe() <t filx) Su,3x € D}

(4,9, ,[Z)T(u, w,t) = a, V(u,w,t) € A
(L5,0) ww,t) <a  V(uwt) €B

Since I # 0, we can have (4,v,1) = (%,%, 1)

A={wuwt)|Ax €D, fi(x) <u,i=1,..,m,
h()=w,i=1,.,pf,x)<t} =



