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Duality

Primal Problem (Feasible Solution)
min fy(x) X € R"

s.t. fi(x) <0 i=1,...m domain D
hi(x)=0 i=1,...p | dom fo N; dom f; N; dom h;

feasble st _ g X
- . - x) <0 h, x)=0 U
Opt: x*,p* = fo(x*) E 2%’:’; =%
Lagrangian: L: R™ X R™ X RP - R V x € D}
L(x, 4, v) = fo(x) + iy Aifi(x) + Ei-, vihi(x)
A;, v;: Lagrange multiplier, A;, € Ry, v; € R. E <D

Lagrange dual function
g(A,v) = J%glf) L(x, A, v) (x may not be feasible)

ca(,\,v)..—_-_ min L(xAy)

XD 3
= — max — LA V)
XED
== max — a(x)~2)\;ﬁ(x) ~X U;h;(x]J
Duality lﬂvo | convex Wit ALY
Comvex wit A, bk,
Dual Problem (Infeasible Solu?irc-)r.l)  Coneate Wt

max;,, g(A,v) s.t.A >0
1. g(A,v)is concave
2. g(4,v) <p" an optimal value where A > 0

Proof 1: By definition of g(4, v) and the convexity of pointwise max
operation on convex functions.

Proof 2: For any feasible X and A > 0
fo(®) = L(% A, v) (Because ), A;f;(X) + X v;hi(X) < 0)
L(%,A,v) = g(4,v) by definition of g(4,v)

Thus p* = fo(x*) = g(4,v)

min v L 4
\1‘



Example: Linear Programming

Prime: min cTx
. Ax < B Ax — b @
subject to { S 0 { <D
Lagrangian

L(x,2) =cTx + AT (Ax — b) — ATx
—ATb + (ATAI - A” + C)Tx, AI’ A” =0
gd) = me(x A)

bTAI, AAI+C>0(A AI—A11+C—0)

1) =
g = [ 0, otherwise = (ATA; — A + ¢ # 0)

Dual:
max — bTA; (min bT 1))

subject to ATA, +¢(=)0 |
@720) !

Example: Linear Programming
. 4 _11[*1
Prime: min[—1 — 1] [xz]
. 1 31* 3
subject to 1 0] [xz] < [2], X1,%2 = 0.

Dual: max —[3 2] [t]
subject to ; (1)] lt] t [:ﬂ s [g]
A, A, =0

Results: [x1]= [153], p* = —g

allaral o =



oX) - C
—_)

/

Example: Linear Programming

('\

min cTx a2 R
subject to Ax /b x@) (or—x<0) /AX b= v
Lagrangian: L(x,A,v) = cTx + AT(—x) + vT(Ax — b)
=—DbTv+(c+ATv— /1)T
T -
Lagrange Dual: g(4,v) = infL(x, 4, v) }i; =0 > (CJ“A V- A)=0

1. IfATv—A+c=0 - gv)=-b"v
2. Else - gAv)=-
Properties:
1. g is linear on affine domain {(A, v)|ATv — A + ¢ = 0}, hence
concave.

2. If120 =2A4Tv+c >0
p*>—bTv ifATv+c>0

max —bTv max bTv
ATv + (> or ATv<c
m
VR ) V-V
(“‘%K‘r‘jﬁn{x\a no ))
( J %

Example: Quadratic Programming o
wix

min xTx é

subjectto Ax =b /éx b =0 A ﬁy , /Q \,_: mn
Lagrangian: 74
Lx,v) =xTx+vT(Ax —b) = 'X,TX"‘))TAX —~V b / /‘Sgwfm )

To minimize L over x, we set L(x,v) = 2x + ATv =0
=>x——EATv (1) ____(_{ \AT)J) ( ‘LATU) _4_))6( .LA))) ))L
Lagrange Dual Function: -~ 1T TD _ Tb
1 1 =) AA U"'Z_ -
glw) =L (x = -4y, V) = —ZvTAATv —bTv 4 Tb
DRV

2
A concave function of v ) = "'4_
Lower ].30.und Property: p* = —ZUTA/;Tvl bTv, Vv v (7) __,L a4 ) b =/)
To maximize g(v),weset v =—2(4A4")""D DC?
Thus, we have g(v) = —%UTAATU —bTv =bT(4AT)"1b (2) )) 2 (/5}74 ) b
x* = AT(AAT)"1b
p* = x*T * _ bT(AAT) 1b

5L Y ] TAA(S480 ) b W
=L (AAT J ’{—257/*”* J b

(3) From (1) and (2), we have 1

@

¢ ))})) = 2 (AA Yy



Example: Quadratic Program

Quadratic Program

minxTPx P € ST,

s.t. Ax < b
Lagrange Dual Function:

g() = mxin L(x,A) = xTPx + AT (Ax — b)
= —ZATAPTIATA - bTA, A > 0.

Dual Problem:

max — ATAP™*ATA — bT2

s.t.1=0

Example: Quadratic Program (nonconvex prob.)

min xTAx + 2bTx
s.t. xTx <1 AESMAX%O0
Dual Function:

g(A) = min L, ) =xT(A+ADx+2bTx—2
Unbounded below if A+ AI % 0 orif A+ Al 3 0 &b & R(A + AI)

Minimized by x = —(A+ A)*b
Otherwise g(1) = —bT(A + A)*bh — A

Dual Problem:
max —bT (A+AD b -4 max —t— 2
sst. A+AI =0 St [A+T/U by
b€ R(A+ Al b

A+Al b [1 —(A+,11)+b]>0

I 0
[—((A+/11)+b)T 1][ pT tllo I
[A+/II 0

0 —bT(A+AD*b+ t] >0



Example: Discrete Problem

Two-Way Partitioning Problem
Primal:

min xTWx x € R",w;; ER

s.t. x}=1 i=1,..,m

ie. x; €{—1,1}, xTWx = X;; x;xjw;;
Not a convex opt problem (Partitioning is an NP complete problem)
We can assume that

wes* (xTwx= %xTWx + %xTWTx = %xT(W + Whx)

Lagrangian:
Lx,v) = xTWx + ¥, v;(x3 — 1) = xT(W + diag(v))x — [Tv
Lagrange dual function:

g(v) = igclfxT(W + diag(v))x — 1Ty ={

—ITy, W + diag(v) > 0
—00, otherwise

Example: Discrete Problem

Dual:
max g(v) = —1Tv
s.t. W+ diag(v) =0

Solution v = —A,,;,(W)1
p* > d* = —1Tv = ndp,, (W)
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Examples: Minimum Volume Covering Ellipsoid

min f,(x) = logdetX™1, X € ST,
s.t.ajXa; <1,i=1,..,m

Lagrangian
L(x,A) = logdetX™* + Y™, A;al Xa; — 1A, A € R

Lagrange dual function
g(A) = minL(x,A), A € RT
X

Dual Problem

max logdet(};-, hia;al) —1T2+n
s.t. Y-, Aja;al >0,1€RT

15

Interpretation: Saddle-point

max min f(w,z) < min max f(w, z)

max g9(2) | / z€Z WEW WEW z€Z
9@ =minfwz) 4 4 3
Example: f(w,z) w =2 [2 2 -1
313 1 -2
z=1 2, 3
vy i [ min f(w,1) = 1
i i min f(w,2) = —1 ' =
I. zdecides first < wgwf ( 3) : max min fw,z) =1
UrJlElVrl;f(w, ) =—

( —
max f(1,z) =3

oo E max f(2,z) = 2 mi =
II.wcreJades first { M4 f(3 ) : ;nezvr&r;leazxf(w,z) 2 )
Lnggzxf( ,Z) =




Examples: Conjugate Function

min fo (x)
s.t. Ax<b
Cx =d
Dual function
gAv) = - inf (fo(x) + AT(Ax — b) +vT(Cx — d))

= mf (fo (x) + (ATA+ CTv)Tx — B'A — dTv)

XEd m 0
= —f (— —AT) — CTV) bTA—dTv Conjugate function
* — T, __
Where fg'(y) = max VX fo(x)
minc’x minc’x
s.t. Ax=5»b s.t.
max —b"
max —bT v s.t. ATA4c=0
s.t. ATv+c>0 1>
13
Examples: Entropy Maximization
min f, (x) = ¥i=; x;logx;, x € Ry,
s.t. Ax < Db
1Tx =1
Since fy(y) =YL, e¥i"l,y,€R
Thus, the dual function is
g4, v) =—-bTA—v - Zl 1e'aT’1"’ -1
T
=—bpTA—v—e 1Y e~%*, a;: the i™column of A.

To maximize g(4,v), we set v = log Xl-; e -aih _1q

Dual Problem
max —bTA—log(Xl e -ai hy
s.t. A=0




Interpretation: Saddle-point

Claim : Result of II > Result of I ’{,\b‘ *'”*A’S/X
Given an arbitrary pair (W, Z) € D |
min f(w,2) < f(W,2) < max f(W,z) VWw,Z€D
WE.W . _ Z€Z
mp S 0.2) < max f,2)

Thus max min f(w,z) < min max f(w, z
z€Z wEWf( ’ )_WEW z€Z f( ’ )

Interpretation: Saddle-point

11 1 1
Example: f(w,z) w=2|2 2 2
313 3 3
z=1, 2, 3
Vrvrg‘ﬁl/f(w,l)=1 I?Eazxf(l,z)=1
Mrlne?vlaf(w,Z)—l r?Eafo(Z,z)=2
Mrglelvrl}f(w, 3)=1 Iggzxf(B,z) =3
max min f(w,z) =1 minmax f(w,z) =1

Z€EZ WEW weW zeZ
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Interpretation: Saddle-point

11 3 2

Example: f(w,z) w=2|2 1 3

313 2 1

z=1, 2, 3
Mggvr&f(w,l)=1 nzleazxf(l,z)=3
Vrpévrl}f(w, 2)=1 max f(2,2) =3
a}nelvr'}f(wﬁ)—l r?gzxf(S,z)—S

mgminfnA=1 pipuaefonz) =3

Interpretation: Saddle-point

Example: f(w,z) w=2|2 3 1

313 5 2
z=1, 2, 3

1[463
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