CSE203B Convex Optimization:
Chapter 5 Duality

CK Cheng
Dept. of Computer Science and Engineering
University of California, San Diego

Chapter 5 Duality

Primal and Dual Problem Me(”" anmism
— Primal Problem
— Lagrangian Function
— Lagrange Dual Problem
Examples (Primal Dual Conversion Procedure) &QM,PLQ S
— Linear Programming
— Quadratic Programming
- -Conjugate Functions (Duality)
— Entropy Maximization

Interpretation (Duality) 'Th e«ﬂr‘a/

Saddle-Point Interpretation

Geometric Interpretation
Slater’s Condition

|

|

Shadow-Price Interpretation

KKT Conditions (Optimality Conditions) ¢) mal/‘ﬁef,
Sensitivity (Shadow-Price)

Generalized Inequalities 5



Duality

Primal Problem (Feasible Solution)
min f,(x) X €ER"

s.t. f;(x)<0 i=1,...m domain D
hi(x)=0 i=1,..,p | 7 dom fo N; dom f; N; dom h;

feasible s _ 03
i : - ) <0, h@w)=0 VA
Opt: x*,p" = fo(x") E 1“’3% )=0)
Lagrangian: L: R X R™ X RP —» R \ x € D}
L(x, 2, v) = fo(x) + iy Afi (%) + XP-, vihi(x)
A;, v;: Lagrange multiplier, A;, € Ry, v; € R. E - D

Lagrange dual function
g(d,v) = }relzf) L(x, A, v) (x may not be feasible)

%Q\,V),—_—. min L(x»y)

XED 3
= — max — LA V)
XE€D
== mwx — o(f)”IAIJC:(X) ~ZUC/1:(X‘_)J
Duality | LXC—D | convex Wit Ay Vi
| Convexy wil \: Y
Dual Problem (Infeasible Solu;i}_r;) : Conialre— W

max,, g(4,v) s.t.A>0
1. g(A,v)is concave
2. g(4,v) <p* an optimal value where 4 > 0

Proof 1: By definition of g(4, v) and the convexity of pointwise max
operation on convex functions.

Proof 2: For any feasible X and 4 > 0
fo(®) = L(%,A,v) (Because X A;f;(%) + X v;h;i(X) < 0)
L(%,2,v) = g(A,v) by definition of g(4, v)

Thus p* = fo(x*) =2 g(4,v)



Example: Linear Programming

Prime: min cTx
. Ax < Ax —b @0
subject to { >0h { % <D
Lagrangian

L(x,A) = cTx+ AT (4x — b) — 2T x
= _ATb + (ATA] - A” + C)Tx, /11,/1” ? 0
g = ilgf L(x, )

gd) = —bT Ay, AT +¢[20 (AT =y +c=0)=
—00, otherwise (AT/‘lI - /1” +c # O)

Dual:
max — bTA; (min bT2,)

subject to ATA; + ¢/=0
@‘z 0)

Example: Linear Programming
Prime: min[—1 — 1] [;C;]
subject to 1 :(3)] [2] < [3], X1, %3 = 0.
Dual: max —[3 2] [311]
subject to ; é] [ l [ 1] [8]
A, 20

) xl _ 2 « 7
Results: x _ll/S]’p =—3

b laral e =



Example: Linear Programming
min cTx
subjectto Ax =5b, x =0, (ov—x <0
Lagrangian: L(x, A, v) = cTx + AT (—x) + v (4x — b)
=—bTv+(c+ATv—-2D)Tx
Lagrange Dual: g(4,v) = igclf L(x,A,v)

1. IfATv—24+c=0 - gQv)=-b"v

S

2. Else - gAv)=—
Properties:
1. g is linear on affine domain {(4, v)|A"v — 1 + ¢ = 0}, hence
concave.

2. IfA20 2ATv+c =0
p*>—bTv if ATv+c >0

max —bTv max bTv
ATv+c =0 or ATv < c

Example: Quadratic Programming

min xTx
subjectto Ax =b

Lagrangian:
L(x,v) = xTx + vT(Ax — b)

To minimize L over x, we set V,L(x,v) = 2x + ATv =0
=x = —%ATU (1)

Lagrange Dual Function:

1 1
gw) =L <x = —EATv, v) = —ZvTAATv —bTv

A concave function of v
1
Lower Bound Property: p* = —ZUTAATU —bTv, Vv

To maximize g(v),weset v =—2(44T)7'b
Thus, we have g(v) = —%vTAATv —bTv = bT(AAT)" b (2)
x* = AT(4AT)" b
3) From (1) and (2), we hav
( ) ro ( )an ( ) we have {p* = x*Tx* = bT(AAT)—lb
8



