2.2 Optimality Criterion for Differentiable f;(x)

Theorem: If Vf,(x)T(y — x) = 0, for a given x €Feasible Sét
and for all y € Feasible Set, then x is optimal.
(i.e.K = {y — x|y € feasible set},Vfy(X) € K*)

Proof: From the first order condition of convex function/we |

have f,(y) = fo(X) + Vfo(Y)T(y —X). |
Given the condition that VfJ (X)(y — X¥) = 0, Vy in feasible set.
We have f,(y) = f,(%X), Vyin fea51ble set, which implies that ¥

is optimal. _.i Z U 9 } 920}

Remark: VfJ (x)(y — x) = 0 is a supporting hyperplane to
feasible set at x. _ N
) >F7)+ D' (%-%)

/
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2.2.1 Optimality Criterion without Constraints

Theorem: For problem min f;(x), x € R™, where fj is convex,
the optimal condition is Vf,(x) = 0.

Proof: (Vfy(x) = 0 = Optimality)
Since fo(y) = fo(x) + Vfo(x)"(y — x),Vx,y € R™ (first order
condition of convex function)

We have f,(y) = fo (x).
Therefore, x is an optimal solution.

(Vfo(x) = 0 & Optimality) By contradiction
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2.2.2 Opt. with Inequality Constraints

Problem: Min [ (x) =
s.t.Ax < b,A € R™™" )‘2

Suppose that AX = b (one particular case).
Letx = x + u.
We can write {min foX + uj//
Au <0

Opt. condition: Vf(x)"u = 0, V{u|du < 0} =K
In other words,

Vfo(%) € K* of K = {u|Au < 0} and K* = {~A"v|v = 0}
ie. Vfy(x) =—ATv,3v € RT

Vi (X)+ATv =0, v=0.
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2.2.3 Opt. with Equality Constraints
{ min fo (x)

s.t. Ax=0>b
Letx = X + uand Ax = b,
we have {mlnfo(x+u) ,K = {u|Au = 0} AU =0
Au =10 ~AM ::0
Vis(X) EK*, K* = {ATv|v € RP}
Vfo(f) -+ ATU =0

Let K; = {ulAu > 0}
K2= {ul—Au > 0}
K=K N K, = {uAu > 0,—Au > 0}

We have
K=K N Kp)* = {ATvy + (—A) vz |vy, v 2 0}
= {ATv|v € RP}
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2.2.3 Opt. with Equality Constraints: Example
min f (x) = x% + x2

s.t. [21] [2] —3

: 6 3
We can derive x* = (x7,x3) = (E’E)

2x3 Zl 2 6
VEG) = |50 = e | VS )+AT =3[+ —2)=0
X [S‘ X V= g [1]X( 5) (U(IAU":b)

New Problem: K”"’ i M{ Au= Oj(

2x1]+[ﬂv=o K»ﬁ___iATv} V@Q}

Vi(x)+ATv =0 _ |2x;
13
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2.3 Quasiconvex Functions

f:R™ — R is called quasiconvex (unimodal)

sublevel set S; = {x|x e dom f, f(x) < t}

if its domain and all sublevel sets S;, Vt € R are convex,
f:R™ — R is called quasiconcave if —f is quasiconvex.
f(x) quasiconvex and quasiconcave = quasilinear

Ex:logx,x € R,

14



2.3 Quasiconvex Functions

Ex: Ceiling function
Ceil(x) = inf{z € Z|z > x} : quasilinear

1 0 17r*
Ex: f(x1,%2) = %1% = 3 [¥1  X2] [1 0] [x;]
is quasiconcave in R2, S; = {x € RZ|xyx, >t}

T
Ex: f(x) = jTiIZ forcTx+d >0
Sy ={x|cTx+d>0,aTx+ b < t(c"x + d)}
open halfspace closed halfspace
- S; is convex (t is given here)
S F(x)is quasiconvex
quasiconcave

} —> quasilinear
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2.3 Quasiconvex Optimization
min f,(x) (f, (x) is quasiconvex, f;'s are convex.)
s.t. i(x)<0,i=1,..,m
Ax=b
Remark: A locally opt. solution (x, fp(x)) may not be globally opt.
Algorithm: Bisection method for quasiconvex optimization.
Givenl <p*<u,e>0

Repeat 1.t = (I +u)/2 Find a .
2. Find a feasible solution x: convex function
S. tM (folx) St © &i(x) <0)
fix) <0
Ax=Db

3. If solution is feasible, u = t,else [ =t
Untilu—1[<¢€
Ex: f(x) = % <t - px)—tq(x) <0(pisconvex & g is
concave) P



3. Linear Programming: Format

General Form :

min cTx

s.t. Gx < h, G € R™™" A € RP*"
Ax =D

Standard Form :

min c¢Tx

s.t. Ax=0D>

x=0

Remark: Figure out three possible situations
1. No feasible solutions
2. Unbounded solutions
3. Bounded solutions

3. Linear Programming: Cases

min cTx
s.t. Ax=0b
(1) No feasible solutions: b € R(A) (b is not in the range of A)

1 1 2
x
NN
(2) Unbounded solutions: b € R(A) but ¢ & R(AT)

e.g. min [1 1][ ] Vf(x]—l-;%)) =0, VC—/Q

Ko
[1 2] [ x,] = =2  (The solution 2> -—00)% VJDCX)
(3) Bounded solutions: b€ R(A),c € R(AT) Zj ~
. X1
e.g. min[1 1] -Xz] J -
1 17[%1] 2 X
[1 2] [Xz- - [2] / ks

Thus x* = [g],f(x*) =[1 1] [5] =2 18



3. Linear Fractional Programming

T
Pl: minf,(x) = ZT—J;-:% , dom f, = {x|eTx + f > 0}

s.t. Gx<h
Ax =D

1
P1=P2: Lety = e—T;—f, Z= s

P2: mincTy + dz
s.t. Gy—hz<0
Ay —bz =0
ely+fz=1
z=20

4. Quadratic Opt. Problems (QP)

QP: min%xTPx +qTx+7
s.t. Gx<h

Ax =D
P € S, G € R™™, A € RP"

QCQP : (Quadratically Constrained Quadratic Program)
min%xTPox +qlx+7,
s.t. %xTPix + qlTx +r<0,i=1,..,m

Ax=b
Pi € S.T.L,l = 0,1,...,m

20



