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4. Conjugate Functions

Suppose we have a pair %, ¥, such that f*(¥) = 7% — f(%),
we can show thaty = V, f (%) (exercise 3.40)
And the supporting hyperplane : y7x — h = £*(5)
BT -1l =F
Ex. f(x) =x?—2x, x€R
f*(») =supyx—x2+2x y €ER

i X.y)— g[YfX—fP—X

A_EL;L -t > =54

=2+ Y 4] g .
AWFMM x = j?’f(% =x{" [ 3 *F/*J
4. Conjugate Functions

One way to view conjugate function

)= sup yTx—f(x)

x€dom f
x : negative slack

y : shadow price (loss) to accommodate the slack

f*(») : balance between price slack product (y”x) and objective
function f (x).

Remark: When f*(y) is unbounded, the shadow price y is not
reasonable.
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4. Conjugate Functions: Examples (single variable)

Ex: f(x) =ax+b, xER
fr = sgp(yx —ax—b) = m;g(aﬁqﬂa)?('-b

DIy # a f*(y) = o
QIfy=a,f () =—b>domf* =a,f (y)=-b

]C(Y)—%x+>-

( 5) x%fcx}

£ ""gj( Fext>)
-maxly-)—
XeR.
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4. Conjugate Functions: Examples (single variable)

Ex: f(x) = —logx, x € R4

') = sup yx+logx Lot (7;5.
:(“(ﬁ;r):rg?/xwf +/7)( .

HIfy =0, f*(y) =
Q) Ify <0, f*(y) = maxxy + logx
XER 44

Let g(x) = xy + logx, g'(x) =y +%

Ifg'(x) =0,x = —%

Thus, £*(y) = —1 +log (- %) = —1—log(—y)
2> dom f* =—Ry,, f*(y) =-1-1log(—y)

=g = 2y L1 1]



4. Conjugate Functions
Ex: f(x) =e*, x€R
fry) = sup xy —e*
x
Dy <0:f*(y)=o
QRQy>0:Let glx) =xy—e*>g'(x) =y —e*
If g'(x) = 0, then X = logy
Thus f*(y) = ylogy —y

By =0:f"(y)=0>domf* =Ry, f*(y) =ylogy -y
Therefore, we have |

f*(y) = ylogy —y, where y > 0.

ijw}wm %&_3@%%}
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4. Conjugate Functions

Ex: f(x) = xlogx, x €R,, f(0) =0
") = sup xy — xlogx
Let g(x) =xxy —xlogx 2> g'(x) =y —logx — 1
Suppose g'(x) = 0, wehave y = 1 + logx or x = e¥™?!
Thus f*(y) = ye¥ 1 —e¥"1(y —1) = eY" where y € R
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4. Conjugate Functions
Ex: f(x) = %xTQx, x € R",Q € ST,
fr) = sup xTy — lxTQ?C
Let g(x) = xTy — —xTQx > Vg(x) =y—Qx
IfV7g(x) =0,wehave x = Q~1y ?()( (@ %j) g"‘(@g)@ @5)
Thus, f*(y) = >y7Q "ty "dog %TQ@@Z—
Remark: Suppose that f*(¥) = y7x — f(%) and V2f(x) > 0
We have Vf*(¥) = ¥ and V2f*(¥) = (V?f (55))_1 (exercise 3.40)

:37@46{__ Si,‘ﬂ'ré/a(’
~!
=114
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4. Conjugate Functions

Basic Properties
Mf+f ) =x"y
Fenchel’s inequality. Thus, in the above example
xTy < %xTQx |- %yTQ‘ly, Vx,y € R™",Q € ST,
(2) f** = f, if fis convex & fis closed (i.e. epi fis a closed set)
(3) If fis convex & differentiable, dom f = R"
For maxyTx — f(x), we have y = Vf(x™)
Thus, f*(y) = x"Vf(x*) — f(x"), y = Vf(x")
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