3. Operations that preserve convexity: Dual norm

Example:
= max y'x
fO) = max y

f(x) = max yTx
llylly=1

f(x) = max yTx
lyllp=1
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3. Operations that preserve convexity: max function

Theorem: Pointwise maximum of convex functions is convex

Given f(x) = max{f; (x), f,(x)}, where f; and f, are convex

and dom f = dom{f;} n domf{f,} is convex, then f(x) is
convex.

Proof: For0 <60 <1, x,yedomf

f(6x + (1 - 6)y)
= max{f; (0x + (1 - 0)y), fo(6x + (1 —0)y)} def of-F.
< max{8£,(x) + (1 - )£ (7), 6f, () + (1 - ) fo(»)} comverc f1, 1>
< O max{f, (), fo(0}+ A ~ O)max {£; ), L)} [rimipulor iusp {11
=0f(x) + (1 - O)f () %«ﬁ |

ie. f(Ox +(1—0)y) < 0f(x) + (1 - O)F ()

Thus, function f(x) is convex.



3. Operations that preserve convexity: minimization

Theorem: Partial minimization
If g(x,y) is convex in x and y, and a set C is convex
Then f(x) = mm g(x,y) is convex.
Proof: Let y; € {yl min g(x1,y)} and y; € {y| min(g(xz, y)},

we can write

0f (x1) + (1 —0)f (x2) i}
= 0g9Cx1,y1) + (1 — 0)g(x2y,) milabion ofs Y1 2 Yo
> g(0x; + (1 —0)x,,0y, + (1 —0)y,) (g is convex)
> m1ng(9x1 + (1 —60)x,5,y) (C is convex)

= f(9x1 +(1- 9)352)
i.e. we have 6f (x;) + (1 — xz) > f(9x1 + (1 -0)x,)
Therefore, f(x) = r}pelg g(x, y) is convex.

3. Operations that preserve convexity

Examples for Partial Minimization
! A Bl[*
— [T T
Given f(x,y) =[x y'] [BT C] [y]
X €R"y €R™ A€ ST CESM, [;T ] g sm+m

Let g(x) = m)}nf(x, y) = xT(A — BC*BT)x,
C*:pseudo inverse of matrix C. (Drazin inverse, or
generalized inverse)
We can claim that function g(x) is convex.
Proof:
(1) f(x,y) is convex
(2) y € R™ where R™ is a convex non-empty set
(3) Therefore, g(x) is convex, i.e. A— BC*BT >0
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3. Operations that preserve convexity

Composition:
Given g:R™ - Rand h:R = R,we set f(x) = h(g(x))

f1s convex if g convex, 4 convex, h nondecreasing

g concave, 4 convex, h nonincreasing
/s concave if g convex, 4 concave, h nonincreasing

g concave, 4 concave, h nondecreasing
Proof : for n=1

f'x) =h"(g(x))g’ (x)* + h'(g(x))g" (x)

Ex1: exp g(x) is convex if g is convex
Ex2:1/g(x) is convex if g is concave and positive
Note that we set h(x) = o if x € dom h, & is convex

h(x) = —oo if x & dom h, h is concave .

3. Operations that preserve convexity

Show that h(g(6x + (1 — 6)y)) < 8h(g(x)) + (1 — O)h(g())
for the case that g, / are convex, and A is nondecreasing

(1) g is convex

gOx+(1—-0)y) <8g(x)+(1-6)g(y)
(2) A is nondecreasing: From (1), we have

h(g(6x + (1 -6)y)) < h(6g() + (1 — 8)g(»))
(3) A is convex

h(6g(x) + (1 -0)g(®») < 6h(g(x)) + (1 — Oh(g())
(4) From (2) & (3)

h(g(6x + (1 - 6)y)) < 6h(g(x)) + (1 — O)r(g()
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4. Conjugate Functions

The setting of conjugate functions starts from the
following problem (which may not be convex)

min f(x)
subject to
x<0
We convert to a function of y
inf f(x) —yTx
X
The conjugate function is
f*) =supy’x - f(x)
X

In the class, we interchange min and inf; max and sup to
simplify the notation.
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4. Conjugate Functions

Given f:R™ - R, we have f*:R"™ - R

f*o) = sup yTx—f(x); (—-f*@)=_min —yTx+f(x))
x€dom f xedom f

Constraint: y € R™ for which the supremum is finite (bounded)
f*(y) is called the conjugate of function f

Theorem : f*(y) is convex (pointwise maximum)
Proof : f*(8y;, + (1 — 0)y2) = sup(8y; + (1 = 0)y2) x — f(x)
X

< sup (0]x ~ 6f()) + sup((1 = 0)y3 x = (1 = ) ()
=0f"(y) + (1 -0)f"(y2)

Remark: f*(y) is convex even if f (x) is not convex
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