1.3 Views of Functions and Related Hyperplanes

Given f(x),x € R™, we plot the function in R™ or R™*1 space.

1. Draw function in R™ space 0
Equipotential surface: tangent plane Vf(X)T(x — %) = 0 at ¥

2. Draw function in R™*? space e ]

2.1 Graph of function: {(x, h)|x € dom f,h = f(x)} 'l

hyperplane (h = Vf()"(x — ©) + f()) . ~—

Suppeting ngperpoar @ (] -[pil)=0 |/
Example: f(x) = x2. We show the hyperplane with V£ (x) @’—‘V]C(W)
2.2. Epigraph (set): epi f: {(x,t)|x € dom f, f(x) < t}
A function is convex iff its epigraph is a convex set.
Example: f(x) = max{f;(x)|i =1..r}, f;(x) are convex.
Since epi f is the intersect of epi f;, epi f is convex.

Thus, function f is convex. > ¥
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2. Conditions of Optimality: First Order Condition

Defintion: f is differentiable if domf is open and

Vi(x) = (af (x), agix), ’a;’ x ))T exists at each x € domf

Theorem: leferentlable f with convex domain is convex Z"—ﬁxo) ‘f‘j/"‘@‘}

iff f(y) = f(x) +Vf(x)"(y — x),Vx,y € domf
Proof => If f is convex

Then (1=8)f() +tf(y) = f(1-Ox+ty),v0<t<1
t[f () = f(x)] zf (x+ty—x) - f(x)
fO)=fG) 2 (f (x +t(y —x)) — f(x))

= Vf(x)(y x) whent -0
<=Given f(y) = f(x) + Vf(x)T(y — x),Vx,y € domf

Letz=(1—-t)x+ty Q{‘n
& F@+Vf@ x—2) (Ff)1(ED WD (x-2)
f(
f

h
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2. Conditions: Second Order Condition

Definition: f is twice differentiable if domf is open
and the Hessian V%f(x) € S™
V2f(x); = af—(x) i,j =1,..,nexists at each x € domf
i’

Theorem: Twice Differentiable f with convex domain is convex

iff V2f(x) = 0,Vx € domf qj/})(>0 HX(' ’1
Proof: Using Lagrange remainder, we can find a z
fl+t@ —x)) A €St

=f)+Vf) 'ty —x) + %tz(y — )"V f(2)(y —x),

V0O <t<1,zisbetweenxand x + t(y — x)
Since the last term is always positive by assumption, the first order
condition is satisfied.

jfmw—mz]@(x) +f 'ty ) ya v}f(z)w

2. Conditions: Second Order Condition

Example: Negative Entropy:

fx) = xlogx X €R,y

o) = —+10gx =1+logx,f"(x) = 1

Since x € R++,f”(x) >0= f(x)is convex
Show the plot of x log x

Remark:

15t order condition can be used to design and prove the
property of opt. algorithms.

« 20 order condition implies the 15t order condition

« 20 order condition can be used to prove the convexity of
the functions.
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2. Conditions: Examples

* Quadratic Function: f(x) = %xTPx +q'x+7r,PeS”

Vf(x)=Px+gq, V’f(x) =P
* Least Square: f(x) = ||Ax — b||3
Vf(x) = 24T (Ax — b), V?f(x) = ATA

* Quadratic over linear: f(x,y) = —, y>0
2x xz)T
ViGey) =(—,-=] ,
f( y) = (y "
-2 2x7 )
2eey—| Y Y2y _
IO I Ete 1 KM [y
A

2. Conditions: Examples

* Log-sum-exp: f(x) = log Y. %-, e** (Smooth max of softmax
function)

V(%) = 1 ; diag (@) - T

Tv2f(x)v = 1T )2 [(Z:l 121)(21 1'17 ZL) (Zl 1vizi)2] = O;

for all v € R™ (Cauchy-Schwarz inequality)
Thus, f(x) is a convex function

T

zz",z, = e*k

Cauchy-Schwarz inequality: [(a"a)(b"b) = (aTh)?, a; = yz;, b; = viv/Z]

T Tb
Proof 1: Letz—a—mb ora—z+mb
We have
(a"h)? (a”b)? (a"b)?
T, _ T T Th —
aa=2z Z+(bTb)2b b> (bTb)Zb b T

Proof 2: By induction
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3. Operations that preserve convexity

« Nonnegative multiple: af, where a = 0, f is convex
 Sum: f; +f,, where f;,and f, are convex

« Composition with affine function: f(Ax + b), where f is
convex

Proof: VZf(Ax +b) = ATV f(yly = Ax + b)A
E.g f(x) = =X, log(h; — aj x;),
dom f = {x|a’x < b;,i =1, ...,m}
f(x) = ||Ax + b|| (@f f is twice differentiable)

]C(‘G) 14 Convex <= ngq%) =0
F(ax+b) uf#etb) zo (op)
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3. Operations that preserve convexity

 Pointwise maximum: f(x) = max{f; (x), ..., fr(x)}, f; are
convex

e Pointwise supremum:
g(x) = sup f(x,y), where f(x,y) is convex in x and C is

yec -

an arbitrary set i L

Examples /jI/:QX)f’ A 7‘:

e S.(x) =sup yTx, foran arbitrary setC_ | » | e,
yEC 4 / ! |

* f(x) = sup|lx — y||, for an arbitrary set C ‘
yec ‘ ; JC

* AmaxX) = sup y'Xy, XeS™ | >

Iyllz=1 £

= % "
¥ i
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3. Operations that preserve convexity: Dual norm

Example:

T
X) = max y' x
f@ Ilyllzﬂy

— T
f(x) [max, ' x

f(x) = max yTx
lyllp=1

P /P
g, {HE )

3. Operations that preserve convexity: max function

Theorem: Pointwise maximum of convex functions is convex

Given f(x) = max{f; (x), f,(x)}, where f; and f, are convex
and dom f = dom{f;} N dom{f,} is convex, then f(x) is
convex.

Proof: For0 <6 <1, x,y€domf

fOx+ (1 -0)y)
= max{f;(6x + (1 — 8)y), f2(6x + (1 — 8)y)}
<max{0fi(x) + 1 - 60)f1(¥), 02 (x) + (1 = B) ()}
< O max{f;(x), f2(x)}+ (1 —0)max {f1(¥), L)}
=0f(x)+ (1 -0)f(y)

ie. fOx+(1-0)y) <0f(x)+ (1 -0)f(y)

Thus, function f(x) is convex.



3. Operations that preserve convexity: minimization

Theorem: Partial minimization
If g(x,y) is convex in x and y, and a set C is convex
Then f(x) = melgl g(x,y) is convex.
y
Proof: Let y; € {y| min g(x;,y)} and y; € {y| min(g(x2, )}
we can write
0f (x1) + (1 — 0)f (x3)
=09g(x1,y1) + (1 —0)g(x2,52)
> g(0x; + (1 —0)x,,0y; + (1 —0)y,) (g is convex)
> r;lg?g(exl + (1 — 6)x,,y) (C is convex)
= f(0x, + (1 —6)x3)
i.e.wehave 8f (x;) + (1 —0)f(xy) = f(6x; + (1 — O)x5)
Therefore, f(x) = I}I}lelgl g(x,y) is convex.
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3. Operations that preserve convexity

Examples for Partial Minimization
Given f(x,y) = [xT yT] [BT C] [y]

x €ER",ye R™ Ae S, C ES.’[‘,[A B

et C] € snHm
Let g(x) = m}jn f(x,y) =xT(4—BC*BT)x,
C™*:pseudo inverse of matrix C. (Drazin inverse, or
generalized inverse)
We can claim that function g(x) is convex.
Proof:

(1) f(x,y) is convex

(2) y € R™ where R™ is a convex non-empty set

(3) Therefore, g(x) is convex, i.e. A— BC*BT > 0
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