CSE203B Convex Optimization:
Lecture 3: Convex Function

CK Cheng
Dept. of Computer Science and Engineering
University of California, San Diego
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1. Definitions: Convex Function vs Convex Set

Theorem: Given S = {x|f(x) < b}

If function f(x) is convex, then S is a convex set.

Proof: We prove by the definition of convex set.

Forevery u,v € S,i.e.f(u) <b,f(v) <b,

We want to show thatau + fv €S, Va+p =1,a,5 = 0.
We have

flau+ pv) < af (W) + Bf(v) (f is convex) o)

< ab + Bb @B=0) A
=(@+p)-b=b (a+p=1) |} 4
Thus au + v € S i
Remark: Convex function => Convex Set - // //;///‘* > x
S E {X ( f(X)<b} => Convex Set *

{le(x)>b —>?/\/] /\/thzaﬂl”‘% S



1. Convex Function Definitions: Examples

f:R™ = R is convex if dom f is a convex set and
f6x+(1—-6)y) <0f(x)+(1—-6)f()
Vx,yedomf,0<0<1
Example: dom f € R
Convex Functions

Affine: ax+bonR foranya,b € R
Exponential: e%* foranya € R
Power: x*onR,, fora=>lora<0

|x|P on R forp>1
Concave Functions
Affine: ax+bonR foranya,b € R
Power: x*onR,, for0<ac<l1
Logarithm: logxonR,.

1. Convex Function Definitions: Examples

Example: dom f € R™

Affine: f(x) =a"x+b

Norms: ||x], = (Z?:ﬂ’%lp )/ forp = 1;
llxclleo = max |x|

Example: dom f € R™*"
Affine:  f(X) =tr(ATX) = XL, X7 Agjxi;
Spectral (max singular value):

fFX) =Xz = omax (X) = (Amax(XTX))l/z



1. Convex Function Definitions: Examples

Concave Functions:
Log Determinant: f(X) = logdetX,dom f = S},
Proof: Let g(t) = f(X +tV) (V€ S™)
1 1

g(t) =logdet (X +tV) =logdetX + logdet(I +tX 2VX 2)

= logdet X + Y-, log(1 + tA;)

1 1

Ai:eigenvalue of X 2VX 2

g is concave in t = f is concave

Convex function examples: norm, max, expectation
norm: If f:R™ » Risanormand 0 <6 <1

fOx+ (1 —-0)y) < f(6x) + f((l — 9)3’) triangle inequality
=0f(x)+ (1 —0)f(y) scalability

Max function: f(x) = maxx;,x = [x4, %y, o Xn "
l
f(6x + (1 —6)y) = max (6x; + (1 = 0)y1)
< Omaxx; + (1 —6) maxy;
l
=0f(x)+(1-0)f(y) for0<6<1
Probability: (Expectation)

If £ (x) is convex with p(x) a probability at x,
ie.p(x) >0,Vxand [p(x)dx =1

Then f(Ex) < Ef(x),
where Ex = [xp(x)dx

Ef(x) = [ f(x) p(x)dx
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1.3 Views of Functions and Related Hyperplanes

Given f(x),x € R™, we plot the function in R™ or R™** space.

1. Draw function in R™ space A
Equipotential surface: tangent plane Vf (%)"(x — %) = 0 at ¥
2. Draw function in R™*? space S
2.1 Graph of function: {(x, h)|x € dom f,h = f(x)} ‘ E
hyperplane (h = Vf(®)T(x — %) + f(¥)) °.
Suppring hpeurs@r —n([]-[pl)=0 |/
Example: f(x) = x*. We show the hyperplane with Vf(x) Q= V]D('X)
2.2. Epigraph (set): epi f: {(x,t)|x € dom f, f(x) < t}
A function is convex iff its epigraph is a convex set.

Example: f(x) = max{fj(x)| i = 1...7}, f;(x) are convex.
Since epi f is the intersect of epi f;, epi f is convex.

Thus, function f is convex. >Ta i/
( G 4 comve YR Hhom ﬂgcmmm&zﬁ *Js }
IJ& fwmmbﬁ(ﬂ%ﬂ movxf;(ﬂ (4 conue

2. Conditions of Optimality: First Order Condition

Defintion: f is differentiable if domf is open and
_ Of(x) 9f( af (x)
Vi) = L2, LR, Ly

Theorem: leferentlable f with convex domain is convex

iff f(y) = f(x) + Vf(x)"(y — x),Vx,y € domf
Proof => If f is convex

Then 1-t)f()+tf) = f(1—t)x+ty), Vo<t <1
tif) =] = f(x +tly —x) - f(x)
fFO) = FG) = (F(x +tr —x)) = £(x))
=Vf(x)(y —x) whent—-0
<=Given f(y) =2 f(x) + Vf(x)"(y — x),Vx,y € domf
Letz=(1—-t)x +ty
f)2f(@+Vf(2) (x - 2)
fN=2f@D+7f(D"(y-2)
Thus (1 —t)f (x) + tf (¥) = f(2) 10

exists at each x € domf

where



2. Conditions: Second Order Condition

Definition: f is twice differentiable if domf is open
and the Hessian V?f(x) € S™

2
sz(x)ij = %{;—2, i,j =1,..,nexists at each x € domf

Theorem: Twice Differentiable f with convex domain is convex
iff V2f(x) > 0,Vx € domf
Proof: Using Lagrange remainder, we can find a z

fix+tly —x)) )
=f(x)+ V() tly —x) + Etz(y —x)TV2f(2)(y — x),

V0 <t <1,zisbetween x and x + t(y — x)
Since the last term is always positive by assumption, the first order
condition is satisfied.

2. Conditions: Second Order Condition

Example: Negative Entropy:
f(x) =xlogx,x € Ry,

X 1
f'(x) = ;+ logx =1+logx,f"(x) = <

Since x € Ry, f"(x) > 0 = f(x) is convex
Show the plot of x log x

Remark:

* 1t order condition can be used to design and prove the
property of opt. algorithms.

« 21d order condition implies the 15t order condition

 2nd order condition can be used to prove the convexity of
the functions.
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