3. Separating Hyperplane
{x|aTx = b} (Classification, Optimization, Duality)
Theorem : Given two convex sets C N D = @ in R™
Ja€ER"bER, s.t.a’x <bh,Vx€C
aT’x > b,¥x €D

2_ 2
Actually,a =d —¢,b = "d"zz llcll2

le.f(x)=aTx—b=(d-)T(x— %)

For dist(C,D) = inf{||lu — v||,|]u € C,v € D}
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3. Separating Hyperplane Ag;mfl/m: c{?s(ﬁ,q' ) S dis (u, V)

Proof: Vv € D,aTv > a”d should be true V'b( EC
By contradiction, suppose that a’v < ald VéD .
Then we can show that d + t(v — d) is clo%c fort >0
N N a

Because =-||d + t(v —d) — c|l = 2(d = )" (v~ d) < 0
We have ||d + t(v —d) —¢

< |ld = c|l, for tiny t > 0

uepD
[, Connex

difl4-d) & b vistao



3. Supporting Hyperplane

Given set C € R™, and a point xy on the boundary of
C,the hyperplan {x|a”x = a”x,} is called supporting
hyperplane of Cifa’x < a’x,, Vx € C.

Supporting Hyperplane Theorem: For any nonempty
convex set C, and a point xy on the boundary of C,

There exists a support hyperplane to C at x.

Proof: A separating hyperplane that separates interior Cf_
and {x,} is a supporting hyperplane. 0 pen sel
' v
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X, 2’/ SLX} are convex sels
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4. Dual Cones
Given Cone K (i.e. K = Sk, 6;u; |6; > 0,u; € R",Vi})
K*={y|xTy = 0,vx € K}
Ex:1.K =R} : K* = R}
2.K =S":K*=ST
3.K = {(x, lllxll; =t} : K~ = {(x, O)|lIxll. = t}
4. K = {(,Olllxlly £t} : K* = {(x, Olllxle0 < }
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4. Dual Cones
Show that cone K = {(x, t)|||x]|; < t} has its dual
K* = {(x,Olllx|le <t}
Proof :
Statement x"u + tv > 0,V|[x|l; <t © ||ulle < v
L=>R By contradiction, suppose that ||u||, > v
We can find Ix s.t x|l < 1, xTu > v

Setting t=1, then we have uT (=x) + v < 0.

R=>L Given|lx|l; <t |u|le < v
ulll=x/tlly < llullee < v
Thus, u” (—x) < vt

4. Dual Cones
Definition: x <g yify—x €K
Theorem: x <y yiff ATx < ATy, vl € K*

Examples

29

30



4. Dual Cones

v* ={ATv|v = 0}
Proof : By definition
V' ={y|xTy = 0,vx € V}
Thus V* = {y|xTy = 0,VAx = 0}
Lety = ATv, we have xTy = xTATv > 0ifv > 0

1
1

AT = [; _11] ic. {0, [;] 16, [_11] 16,,6, = 0)

Ex:A = _21] i Xy + 20, 20,20, — x5 = 0
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4. Dual Cones
Remark: {x, + Ax|Ax € K}
(1) K cone can be translated to x

(2)Ifa € K*, then a"x = 0,Vx € K, i.e. —ax is a supporting
hyperplane of cone K

(3) Suppose that the current feasible search region is at corner x

and {x, + Ax|Ax € K, ||Ax|| < r} is a local feasible region of
a convex set

If Vfy(xo) € K*,ie. Vfy(xo)TAx = 0,VAx €K,

Then x, is an optimal solution

32
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