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Convex Optimization Problem:

mxin fo(x), x € R"

Subject to
fi(x)<b;,i=1,-,m

1. fo(x) is a convex function
2. Forfi(x)<b;,i=1,.., m

{x|fi(x) < b;,i =1,---,m} is a convex set

Convex Optimization Problem:

A. Convex Function Definition:

filax + By) < afi(x) + Bfi(y),Va+ =1, 20
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Convex Optimization Problem:

A. Convex Function Definition:

filax + By) < afi(x) + Bfi(y),Va+ B =1a,F =0
B. Convex Set Definition: Vx,y € C
Wehaveax +fyeC,Va+pB =1,a, =0
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1. Set Convexity and Specification: Convexity

A set S 1s convex if we have
ax+py€eS,Va+=1,a,=20Vx,yES

Examples:
P ;{—f-z&
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1. Set Convexity and Specification: Convexity

A set S is convex if we have
ax+pByeES,Va+p=1a=0Vx,y€ES
Remark:
1. Most used sets in the class
1. Scalarset: S C R
2. Vectorset: S ¢ R™
3. Matrix set: S € R™*™
2. Set S is convex if every two points in S has the
connected straight segment in the set.
3. For convex sets S; and S,: §; N S, is also convex

§ \7[ X, 3é§ —>@x+(}ajé'§( oH{Pc[ m,g}ZO.
JV[XS £S5y = @(}H—Pd )E‘S;, \fOH'P’! of, ()>U

X % £GNS, 7@(}{(-& MPESIS VO/PPf( &on.

1. Set Convexity and Specification:
Set Specification via Qualification or Enumeration

Qualification Oriented Expression Sp = {x|Ax < b,x € R"}

Enumeration Oriented Expression Sg = {Ax | x € R } & R
m <

,41’6— R /} ¢ d'

Qualification Oriented Enumeration Oriented

Expression: Expression:

Constraints Obj function

Min f, (x) Min f,(Ax),x € R}

Subject to

Ax < b,x € R"

g, xe{



1. Qualification vs Enumeration Oriented Description

Qualification Oriented Expression

Example: {x|Ax<b} Remark: Simultaneous linear
constraints imply AND,
Y1 +2x; +3x3 <4 Intersection of the constraints
2x1 —Xo <3
X2 +X3 <5
X3 <10
2 2o [0, _|3
= o = |X =
4=l 1 1* LZ] b=
3
0 0 1 10

1. Qualification vs. Enumeration Oriented Description

S1 = {x|Ax < b,x € R™} is a convex set
Proof: Giventwo vectors u,v € Sy, i.e. Au<b, Av<b

Forw = Hlu + 9217,\7’91 + 92 = 1, 91, 02 >0

we have Aw < b.
(AW = 91Au + HzAv < 91b + sz = b)

"
= =D, XER }
The inequality implies w € S, S= Z% '6)( b/

By definition, set S;is convex. ~ _ v}
Remark: g’}’ {X ﬁzm % reR

1. Simultaneous linear constraints imply AND,

Intersection of the constraints < =$,)C (_.ﬂ)(}_b} X€ R”f

2. Linear constraints constitute a convex set.
ConveX
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1. Qualification vs. Enumeration Oriented Description

Example:

S, = {x|Ax = b,x € R"}

g‘zcix(fosf-b, xé{@"g Lot A=-A

Voo
S Ax\%b @:gx/mi;;fﬁ
- < Re .
g )L%}~A>cﬂ~b,‘(é@"

LaA-[4] 814
C :ix\?\xé@,ﬂ’ég
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1. Qualification Oriented Expression

VA
Example: § = {x € R™| |p, ()| < 1for|t]| < 3

where p,(t) = x4 cost + x, cos 2t + -+ + x,, cosmt

12



1. Enumeration Oriented Expression

Expression Conversion

Example: {x|Ax < b,x € R"}vs {UO| 176 = 1, 6 € RT"}

61
[1 1 -1 —1] 0,
1 -1 -1 31|65
. e,

(-,3),

13

1. Qualification vs. Enumeration Oriented Description

Remark:

Qualification Oriented Expression: Constraints of the problem
Enumeration Oriented Enumeration: The objective function
The interchange may not be trivial.

min fy(x) min f,(U8)
s.t.Ax < b | s.t. 1T <1
AFM x ER" F Ue€R™,0 €RT

Every vector u; in matrix U is a solution of
n equations in constraint Ax < b

p equations - comb(p,n) possible
n variables vertex points.



1. Qualification vs. Enumeration Oriented Description

Mixed Description

Ax+Db
cTx +d

(cTx +d) > 0,x € C,} (Projective Function)

S, =

z
Ss = {Z| z € Rt > 0,(z,t) € Cg} (Perspective Function)

S, is convex if C,4 is convex
Ss is convex if C5 is convex

15

1. Qualification vs. Enumeration Oriented Description

Statement: Ss is convex if Cs is convex.
Proof: Given (t ) € S5, ( ) € Sg, let us set

Z3 = aZl+BZZ’t3 = at1 +,3t2,Va+ﬁ = 1,a,ﬁ >0

We have z, _az +Bz;  aty 7z 2, pt, z,
t;  at;+PBt, aty+Ptaty  aty +Ptyt;
aty pt,

Leta = ———,f' = ———
eta atl 4+ Btz ﬁ at1 + Btz
(Note thata' + ' = l,a’,ﬁ’ > 0),

z
Wehavet—3=0c +B 655
3
Therefore, by deﬁnltlon S 5 is convex.
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=1 | Ax=0, x<€ /@"? -

I mxn PR 7 m<n

s | o A—d R’e&'er(f&ﬂ‘a X

{(1-606T) %[ 2ER"[ g  is o sogulor
- ! rm'fh)(
where Zﬁ
A'=QR QR daconprslith
ol nxm Mxn
[ Q= |4~ Tm
1 eg=I]
psn pem MEM

P=-1-86" To pre that AP=0.

— Tl fv—.— PG i)
K& (L7 /
=R'Q'- RIKGe'
- L~ _r‘.?L,- mel ‘
f'h :I CIA’- - %:{ 2_’1( /n_m)vl
“em m(i=m) Twea N

A +A¥a=0_ X =—A Al

nN-m o Ad: Clean cawesion
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2. Convex Set: Terms and Definitions

Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq,u,,:+,u; € R™,
function f(u, 0) = 6uy + O,uy + -+ + O,y ;&
and two conditions 1 6,40, 4+ +0,=1
2. 6;=0Vi
L. {f(u, 8)| condition 1}: Affine set majﬁ?ﬂ’ Z
II. {f(u, 8)| condition 2}: Cone
III. {f(u, 8)| conditions 1 and 2}: Convex hull 5G5=

Ex1:61uy + 62U = Uy + 02(uz — uy) (Con condilis
|22

Ex2: 91u1 + 92u2 + 93u3 - \K
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2. Sets and Definitions: VI. Hyperplanes and Half Spaces
Hyperplane {x|a’x =b},a € R*,b € R (& Xo=
A Xo= b)
or {x|al(x —x,) = 0},for&£1}\lfxo ER" Y a€R™bER
Half Space {x|a’x <b} a€R",b€eR
or {x| al(x — xo) < 0}

Ex: {x|x; +x, =1} or {x| [1,1] ([2] - 82]) = 0}

or {x|a"(x —x) =0}, a"=[1,1],b=1,x, = [2,—1]

For many applications, we standardize the expression:

aT b Xz,/ﬁ >
4

||a||2x= llall, F(M,a_ \ (.;/us‘)

h I
UP@Y ; —> X,

normalize the expression:




2. Sets and Definitions: Hyperplanes

Ex : 3 variables |
{x|aTx = b}r aT = (1;171); b=6 17 /"’

Ex : 4 variables 7 //\ 5 2/
{x|aTx = b}, a’ =(1,1,1,1), b=6 \\
(1) degrees of freedom : n — 1 (R™). v, N

(2) all vectors (x — y) are orthogonal to direction a, i.e.
a’(x —y) = 0, Vx,y in the hyperplane —

Proof: }H;{z dr(x-%):o} ohere AX=D
) we € H = &T(x-Ke)=0 oreH

Exercise: Conceptually (visually) construct hyperplane.

2. Sets and Definitions: Hyperplanes

Hyperplane : as an Equal potential of cost function

minf,(x) = ¢Tx

e.g. [1,2] [2]

0 fo (x) _
6x1 o 1

0fo(x) _
6x2 . 2

X
Vector c is the sensitivity or cost of vector [x;]

20



