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Problem: min 𝑓0(𝑥)

Subject to 𝑓𝑖 ≤ 0, 𝑖 = 1,… ,𝑚

𝐴𝑥 = 𝑏

Function 𝑓𝑖s are convex, twice continuously differentiable

We assume that rank 𝐴 = 𝑝, 𝐴 ∈ 𝑅𝑝×𝑛.

Issues:

• KKT conditions on inequality constraints
• 𝜆𝑖 = 0, if 𝑓𝑖 𝑥 < 0; otherwise 𝜆𝑖 > 0 (𝜆𝑖 𝑓𝑖 𝑥 = 0)

• 𝑚 can be large.

• When to put 𝑓𝑖 = 0 (active)? There are 2m

combination.
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Formulation: The problem 



Problem: 

min 𝑓0(𝑥) +
𝑖=1

𝑚

𝐼𝑓𝑖(𝑥)

𝑠. 𝑡. 𝐴𝑥 = 𝑏

When 𝐼𝑢 = 0 if 𝑢 ≤ 0, 𝐼𝑢 = ∞. Otherwise,

𝑚𝑖𝑛 𝑓0(𝑥) +
−1

𝑡


i=1

m

log(−𝑓𝑖(𝑥))

𝑠. 𝑡. 𝐴𝑥 = 𝑏

Remark:

1. Convert inequality constraints to barrier functions.

2. Incorporate barrier functions in objective function.

3. Increase 𝑡 to improve accuracy.
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Formulation: logarithmic barrier



Let us set 

𝜙 𝑥 = −
i=1

m

𝑙𝑜𝑔 −𝑓𝑖 𝑥 , 𝑑𝑜𝑚 𝜙 = {𝑥|𝑓𝑖 𝑥 < 0}

𝜙 𝑥 is convex and twice differentiable

𝛻𝜙 𝑥 =
i=1

m

−
1

𝑓𝑖 𝑥
𝛻𝑓𝑖(𝑥)

𝛻2𝜙 𝑥 =
i=1

m 1

𝑓𝑖 𝑥
2
𝛻𝑓𝑖 𝑥 𝛻𝑓𝑖 𝑥

𝑇 −
1

𝑓𝑖 𝑥
𝛻2𝑓𝑖 𝑥

Central Path is {𝑥∗(𝑡)|𝑡 > 0}

𝑚𝑖𝑛 𝑡𝑓0 𝑥 + 𝜙(𝑥)
𝑠. 𝑡. 𝐴𝑥 = 𝑏
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Formulation: logarithmic barrier



Ex:

Problem:          𝑚𝑖𝑛 𝑐𝑇𝑥
𝑠. 𝑡. 𝑎𝑖

𝑇𝑥 ≤ 𝑏𝑖 , 𝑖 = 𝑖, … ,𝑚
Log barrier formulation:

min 𝑡𝑐𝑇𝑥 − 
𝑖=1

𝑚

log(𝑏𝑖 − 𝑎𝑖
𝑇𝑥)

Hyperplane   𝑐𝑇𝑥 = 𝑐𝑇𝑥∗ 𝑡 is tangent to real curve 𝜑 through 

𝑥∗ 𝑡 .

Solution 𝑥∗ 𝑡 balance the force between −𝑡𝛻𝑓0(𝑥) and 

σi=1
m −

1

𝑓𝑖 𝑥
𝛻𝑓𝑖(𝑥).
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Formulation: logarithmic barrier



Ex:

Problem: 𝑚𝑖𝑛 𝑐𝑇𝑥
𝑠. 𝑡. 𝑎𝑖

𝑇𝑥 ≤ 𝑏𝑖 𝑖 = 𝑖, … ,𝑚
−𝑡 𝛻𝑓0 𝑥 = −𝑡𝑐


i=1

m

−
1

𝑓𝑖 𝑥
𝛻𝑓𝑖(𝑥) =

i=1

m

−
1

𝑏𝑖 − 𝑎𝑖
𝑇𝑥

𝑎𝑖

Note that min
1

𝑏𝑖−𝑎𝑖
𝑇𝑥
𝑎𝑖 2 =

1

𝑑𝑖𝑠𝑡 𝑥𝑖𝐻𝑖
, 𝐻𝑖 = {𝑥|𝑎𝑖

𝑇𝑥 = 𝑏𝑖}
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Formulation: logarithmic barrier



Given strictly feasible  𝑥, 𝑡 = 𝑡0 > 0, 𝜇 > 1, 𝜖 > 0

Repeat

1. Centering step to find solution 𝑥∗(𝑡)

Problem:  𝑚𝑖𝑛 𝑡𝑓0 𝑥 + 𝜙(𝑥) (Newton’s method)

𝑠. 𝑡. 𝐴𝑥 = 𝑏

2. Update 𝑥 = 𝑥∗ 𝑡

3. Stopping criterion: exit if  
𝑚

𝑡
< 𝜖

4. Increase 𝑡 = 𝜇𝑡

Complexity: # Repeats (Outer iterations) =  
log(

𝑚

𝜖𝑡(0)
)

𝑙𝑜𝑔𝜇

Plus the initial centering step 𝑥∗ 𝑡(0)
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(10-20)

Barrier Method: Algorithm
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𝑡𝛻2𝑓𝑜 𝑥 + 𝛻2𝜙(𝑥) 𝐴𝑇

𝐴 0

∆𝑥
𝑣

= −
𝑡𝛻𝑓𝑜 𝑥 + 𝛻𝜙(𝑥)

0

𝛻

𝑖=1

𝑚

− log −𝑓𝑖 𝑥 =

𝑖=1

𝑚

−
1

𝑓𝑖 𝑥
𝛻𝑓𝑖(𝑥)

𝛻2

𝑖=1

𝑚

− log −𝑓𝑖 𝑥

=σ𝑖=1
𝑚 [−

1

𝑓𝑖 𝑥
𝛻2𝑓𝑖 𝑥 +

1

𝑓𝑖 𝑥
2 𝛻𝑓𝑖 𝑥 𝛻𝑓𝑖 𝑥

𝑇

Barrier Method: Newton’s Step for Modified KKT



Min 𝑓0(𝑥) +
−1

𝑡
σi=1
m log(−𝑓𝑖(𝑥))

𝑠. 𝑡. 𝐴𝑥 = 𝑏

Lagrangian: 𝐿 𝑥, 𝑣 = 𝑓0(𝑥) +
−1

𝑡
σi=1
m log(−𝑓𝑖(𝑥)) + 𝑣𝑇(𝐴𝑥 − 𝑏)

For an optimal solution, we have (𝑥∗ 𝑡 , ҧ𝑣 𝑡 )

∇𝑓0 𝑥∗ + σ−1/(𝑡𝑓𝑖 𝑥
∗ ) ∇𝑓𝑖 𝑥

∗ + 𝐴𝑇 ҧ𝑣 = 0

We can view the dual points from central path:

𝜆𝑖
∗ 𝑡 = −1/(𝑡𝑓𝑖 𝑥

∗) , 𝑖 = 1,… ,𝑚

Original Lagrangian:

𝐿 𝑥, 𝜆, 𝑣 = 𝑓0 𝑥 + σ𝜆𝑖𝑓𝑖 𝑥 + 𝑣𝑇 𝐴𝑥 − 𝑏

Replace with (𝑥∗(𝑡), 𝜆∗(𝑡), ҧ𝑣(𝑡)):

𝐿 𝑥∗, 𝜆∗, ҧ𝑣 = 𝑓0 𝑥∗ +σ𝜆𝑖
∗𝑓𝑖 𝑥

∗ + ҧ𝑣𝑇 𝐴𝑥∗ − 𝑏 = 𝑓0 𝑥∗ −
𝑚

𝑡

Thus, we have 𝑓0 𝑥∗ 𝑡 − 𝑝∗ ≤ 𝑚/𝑡
11

Barrier Method: Central Path
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Search 1:
min 𝑠
𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 𝑠, 𝑖 = 1,… ,𝑚

𝐴𝑥 = 𝑏, 𝑠 ∈ 𝑅

Search 2:
min1𝑇𝑠 , 𝑠 ∈ 𝑅+

𝑚

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 𝑠𝑖 , 𝑖 = 1,… ,𝑚
𝐴𝑥 = 𝑏

Barrier Method: Feasible Solution Search
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#Repeats (outer iterations)
=Ceiling(log(𝑚/(𝜖𝑡0))/𝑙𝑜𝑔𝜇)
#Newton steps per outer iteration (self-concordance)

=
𝑚 𝜇−1−𝑙𝑜𝑔𝜇

𝛾
+ log2 log2 1/𝜖𝑛𝑡 ,

where 𝛾 = 𝛼𝛽 1 − 2𝛼 2/(20 − 8𝛼)

Barrier Method: complexity analysis
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Problem: min 𝑓0(𝑥)
Subject to 𝑓𝑖(𝑥) ≼𝐾𝑖0, 𝑖 = 1,… ,𝑚,where 𝑓𝑖(𝑥) ∈ 𝑅𝑘𝑖

𝐴𝑥 = 𝑏

The KKT conditions:
𝐴𝑥∗ = 𝑏
𝑓𝑖 𝑥

∗ ≼𝐾𝑖 0, 𝑖 = 1,… ,𝑚

𝜆𝑖
∗ ≽𝐾𝑖

∗0, 𝑖 = 1,… ,𝑚

∇𝑓0 𝑥∗ + σ𝐷𝑓𝑖 𝑥
∗ 𝑇𝜆𝑖

∗ + 𝐴𝑇𝑣∗ = 0

𝜆𝑖
∗𝑇𝑓𝑖 𝑥

∗ = 0, 𝑖 = 1,… ,𝑚.

Note that 𝐷𝑓𝑖 𝑥∗ ∈ 𝑅𝑘𝑖×𝑛

Generalized Inequalities Problems
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Problem: min 𝑓0(𝑥)
Subject to 𝑓𝑖(𝑥) ≼𝐾𝑖0, 𝑖 = 1,… ,𝑚,where 𝑓𝑖(𝑥) ∈ 𝑅𝑘𝑖

𝐴𝑥 = 𝑏
Given a proper cone 𝐾 ⊆ 𝑅𝑞 , a generalized logarithm for 
𝐾,𝜓: 𝑅𝑞 → 𝑅 has the following two criteria:
1. Function 𝜓: concave, closed, twice continuously 

differentiable, dom 𝜓 = 𝑖𝑛𝑡 𝐾, and ∇2𝜓 𝑦 ≺ 0, for 𝑦 ∈
𝑖𝑛𝑡 𝐾

2. Equality: 𝜓 𝑠𝑦 = 𝜓 𝑦 + 𝜃𝑙𝑜𝑔𝑠, for all y ≻ 0, 𝑠 > 0,
where there exists a constant (degree of 𝜓) 𝜃 > 0
We can derive two properties
1. If 𝑦 ≻𝐾0, then ∇𝜓 𝑦 ≻𝐾∗0 (Proof?)
2. 𝑦𝑇∇𝜓 𝑦 = 𝜃 (from criterion 2)

Generalized Inequalities Problems: log barrier
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Example 1: Cone 𝐾 = 𝑅+
𝑛

Function 𝜓 𝑥 = σ𝑖 𝑙𝑜𝑔 𝑥𝑖 , 𝑥 ≻ 0 is a generalized logarithm

1. Concavity: ∇2𝜓 𝑥 = 𝑑𝑖𝑎𝑔 −
1

𝑥𝑖
2 ≺ 0

2. Log behavior: 𝜓 𝑠𝑥 = σ𝑙𝑜𝑔𝑠𝑥𝑖 = σ𝑙𝑜𝑔𝑥𝑖 + 𝑛𝑙𝑜𝑔𝑠,
where 𝑠 > 0.

Two properties:
1. If 𝑥 ∈ 𝐾 = 𝑅+

𝑛, then

∇𝜓 𝑥 =
1

𝑥1
, … ,

1

𝑥𝑛
≻𝐾∗0

2. 𝑥𝑇∇𝜓 𝑥 = 𝑛.

Generalized Inequalities Problems: log barrier
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Example 2: Cone 𝐾 = 𝑥 ∈ 𝑅𝑛+1 σ𝑖 𝑥𝑖
2 1/2

≤ 𝑥𝑛+1

Function 𝜓 𝑥 = log(𝑥𝑛+1
2 − σ𝑖 𝑥𝑖

2) ,
1. Concavity: (exercise)
2. Log behavior: 𝜓 𝑠𝑥 = 𝜓 𝑥 + 2𝑙𝑜𝑔𝑠
Two properties

1. 
𝜕𝜓(𝑥)

𝜕𝑥𝑗
= −

2𝑥𝑗

𝑥𝑛+1
2 −σ𝑥𝑖

2 , 𝑗 = 1,… , 𝑛

𝜕𝜓(𝑥)

𝜕𝑥𝑛+1
=

2𝑥𝑛+1

𝑥𝑛+1
2 − σ𝑥𝑖

2 ,

∇𝜓 𝑥 ∈ 𝑖𝑛𝑡 𝐾∗

2. 𝑥𝑇∇𝜓 𝑥 = 2.

Generalized Inequalities Problems: log barrier
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Example 3: Cone 𝐾 ∈ 𝑆+
𝑝

Function 𝜓 𝑥 = log det 𝑋 ,
1. Concavity: (exercise)
2. Log behavior: 𝜓 𝑠𝑥 = 𝜓 𝑥 + 𝑝𝑙𝑜𝑔𝑠
Two properties:
1. 𝑙𝑜𝑔𝑑𝑒𝑡(𝑠𝑋)=𝑙𝑜𝑔𝑑𝑒𝑡 𝑋 + 𝑝 × 𝑙𝑜𝑔𝑠
∇𝜓 𝑋 = 𝑋−1 ≻ 0

2. 𝑡𝑟 𝑋∇𝜓 𝑋 = 𝑡𝑟 𝑋𝑋−1 = 𝑝.

Generalized Inequalities Problems: log barrier
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min 𝑓𝑜(𝑥)
𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0, 𝑖 = 1,… ,𝑚

𝐴𝑥 = 𝑏
Lagrangian

𝐿 𝑥, 𝜆, 𝑣 = 𝑓𝑜 𝑥 + σ𝑖=1
𝑚 𝜆𝑖𝑓𝑜 𝑥 + 𝑣𝑇 𝐴𝑥 − 𝑏

KKT Conditions

𝛻𝑥𝐿 𝑥, 𝜆, 𝑣 = 𝛻𝑓𝑜 𝑥 + σ𝑖=1
𝑚 𝜆𝑖𝛻𝑓𝑜 𝑥 + 𝐴𝑇𝑣 = 0

𝐴𝑥 = 𝑏
𝑓𝑖 𝑥 ≤ 0, 𝑖 = 1,… ,𝑚
𝜆𝑖 ≥ 0

𝜆𝑖𝑓𝑖 𝑥 = 0 → −𝜆𝑖𝑓𝑖 𝑥 =
1

𝑡
, 𝑖 = 1,… ,𝑚

(𝜆𝑖 = −
1

𝑡𝑓𝑖 𝑥
)

Primal-Dual Interior-Point Method
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𝑟𝑑𝑢𝑎𝑙 = 𝛻𝑓𝑜 𝑥 + σ𝜆𝑖𝛻𝑓𝑖(𝑥) + 𝐴𝑇𝑣
𝑟𝑐𝑒𝑛𝑡𝑟𝑎𝑙𝑖𝑡𝑦 = −𝑑𝑖𝑎𝑔 𝜆 𝑓 𝑥 − 1/𝑡 1 (−𝜆𝑖𝑓𝑖 𝑥 − 1/𝑡)

𝑟𝑝𝑟𝑖𝑚𝑎𝑙 = 𝐴𝑥 − 𝑏

𝐷𝑓 𝑥 =
𝛻𝑓1 𝑥 𝑇

⋮
𝛻𝑓𝑚 𝑥 𝑇

, 𝑟𝑡 =

𝑟𝑑𝑢𝑎𝑙
𝑟𝑐𝑒𝑛𝑡
𝑟𝑝𝑟𝑖

, 𝑦 =
∆𝑥
∆𝜆
∆𝑣

𝑟𝑡 𝑥 + ∆𝑥, 𝜆 + ∆𝜆, 𝑣 + ∆𝑣 = 𝑟𝑡 𝑥, 𝜆, 𝑣 + 𝛻𝑦𝑟𝑡
𝑇∆𝑦

1. 𝑟𝑑𝑢𝑎𝑙 𝑥 + ∆𝑥, 𝜆 + ∆𝜆, 𝑣 + ∆𝑣 ≈ 𝑟𝑑𝑢𝑎𝑙 𝑥, 𝜆, 𝑣 + 𝛻𝑥𝑟𝑑𝑢𝑎𝑙
𝑇 ∆𝑥

+𝛻𝜆𝑟𝑑𝑢𝑎𝑙
𝑇 ∆𝜆 + 𝛻𝑣𝑟𝑑𝑢𝑎𝑙

𝑇 ∆𝑣 = 0
𝛻𝑥𝑟𝑑𝑢𝑎𝑙 = 𝛻2𝑓𝑜 𝑥 + σ𝑖=1

𝑚 𝜆𝑖𝛻
2𝑓𝑖(𝑥)

𝛻𝜆𝑟𝑑𝑢𝑎𝑙 = 𝐷𝑓 𝑥 𝑇

𝛻𝑣𝑟𝑑𝑢𝑎𝑙 = 𝐴𝑇

2. 𝑟𝑐𝑒𝑛𝑡. 𝑥 + ∆𝑥, 𝜆 + ∆𝜆, 𝑣 + ∆𝑣 ≈ 𝑟𝑐𝑒𝑛𝑡. 𝑥, 𝜆, 𝑣 + 𝛻𝑥𝑟𝑐𝑒𝑛𝑡.
𝑇 ∆𝑥

+𝛻𝜆𝑟𝑐𝑒𝑛𝑡.
𝑇 ∆𝜆 = 0

𝛻𝑥𝑟𝑐𝑒𝑛𝑡. = −𝑑𝑖𝑎𝑔 𝜆 𝐷𝑓(𝑥)
𝛻𝜆𝑟𝑐𝑒𝑛𝑡. = 𝑑𝑖𝑎𝑔(𝑓 𝑥 )

Primal-Dual Interior-Point Method
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𝑟𝑑𝑢𝑎𝑙 = 𝛻𝑓𝑜 𝑥 + σ𝜆𝑖𝛻𝑓𝑖(𝑥) + 𝐴𝑇𝑣
𝑟𝑐𝑒𝑛𝑡𝑟𝑎𝑙𝑖𝑡𝑦 = −𝑑𝑖𝑎𝑔 𝜆 𝑓 𝑥 − 1/𝑡 1 (−𝜆𝑖𝑓𝑖 𝑥 − 1/𝑡)

𝑟𝑝𝑟𝑖𝑚𝑎𝑙 = 𝐴𝑥 − 𝑏

(1)
(2)
(3)

𝛻2𝑓𝑜 𝑥 +
𝑖=1

𝑚

𝜆𝑖𝛻
2𝑓𝑖(𝑥) 𝐷𝑓 𝑥 𝑇 𝐴𝑇

−𝑑𝑖𝑎𝑔 𝜆 𝐷𝑓(𝑥) −𝑑𝑖𝑎𝑔(𝑓 𝑥 ) 0
𝐴 0 0

∆𝑥
∆𝜆
∆𝑣

=

𝑟𝑑𝑢𝑎𝑙
𝑟𝑐𝑒𝑛𝑡.
𝑟𝑝𝑟𝑖.

𝐷𝑓 𝑥 =
𝛻𝑓1 𝑥 𝑇

⋮
𝛻𝑓𝑚 𝑥 𝑇

, 𝑟𝑡 =

𝑟𝑑𝑢𝑎𝑙
𝑟𝑐𝑒𝑛𝑡
𝑟𝑝𝑟𝑖

, 𝑦 =
∆𝑥
∆𝜆
∆𝑣

𝑟𝑡 𝑥 + ∆𝑥, 𝜆 + ∆𝜆, 𝑣 + ∆𝑣 = 𝑟𝑡 𝑥, 𝜆, 𝑣 + 𝛻𝑦𝑟𝑡
𝑇∆𝑦

Primal-Dual Interior-Point Method



22

𝜂 𝑥, 𝜆 = −𝑓 𝑥 𝑇𝜆 𝑓𝑖 𝑥 < 0, 𝜆 ≥ 0
When 𝑟𝑝𝑟𝑖𝑚𝑒 = 0, 𝑎𝑛𝑑 𝑟𝑑𝑢𝑎𝑙 = 0

Primal Dual Interior Point Method: the surrogate duality gap
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Primal-dual interior-point method:

(1)
(2)
(3)

𝛻2𝑓𝑜 𝑥 +
𝑖=1

𝑚

𝜆𝑖𝛻
2𝑓𝑖(𝑥) 𝐷𝑓 𝑥 𝑇 𝐴𝑇

−𝑑𝑖𝑎𝑔 𝜆 𝐷𝑓(𝑥) −𝑑𝑖𝑎𝑔(𝑓 𝑥 ) 0
𝐴 0 0

∆𝑥
∆𝜆
∆𝑣

=

𝑟𝑑𝑢𝑎𝑙
𝑟𝑐𝑒𝑛𝑡.
𝑟𝑝𝑟𝑖.

𝐻𝑝𝑑 𝐴𝑇

𝐴 0

∆𝑥
∆𝑣 + 𝑣

= −
∇𝑓0 𝑥 +

1

𝑡


𝑖

−1

𝑓𝑖 𝑥
∇𝑓𝑖 𝑥

𝑟𝑝𝑟𝑖.
where 𝐻𝑝𝑑 = ∇2𝑓0 𝑥 + σ𝜆𝑖∇

2𝑓𝑖 𝑥 + σ −(𝜆𝑖/𝑓𝑖 𝑥 )∇𝑓𝑖 𝑥 ∇𝑓𝑖 𝑥
𝑇

Barrier Method:

𝐻𝑏𝑎𝑟 𝐴𝑇

𝐴 0

∆𝑥
∆𝑣

= −
t∇𝑓0 𝑥 +

𝑖

−1

𝑓𝑖 𝑥
∇𝑓𝑖 𝑥

𝑟𝑝𝑟𝑖.
where 𝐻𝑏𝑎𝑟 = 𝑡∇2𝑓0 𝑥 + σ(−1/𝑓𝑖 𝑥 )∇2𝑓𝑖 𝑥 + σ(1/𝑓𝑖 𝑥

2)∇𝑓𝑖 𝑥 ∇𝑓𝑖 𝑥
𝑇

Primal-Dual Interior-Point Method: comparison with barrier method
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Input 𝑓𝑖 < 0, 𝜆 > 0, 𝜇 > 1, 𝜖𝑓𝑒𝑎𝑠 > 0, 𝜖 > 0

Repeat 1. Determine 𝑡, set 𝑡 ≔ 𝜇𝑚/ Ƹ𝜂
2. Compute (∆𝑥, ∆𝜆, ∆𝑣)
3. Line Search and update

𝑦 = 𝑦 + 𝑠∆𝑦 (∆𝑦 =
∆𝑥
∆𝜆
∆𝑣

)

Until 𝑟𝑝𝑟𝑖 2
≤ 𝜖𝑓𝑒𝑎𝑠, 𝑟𝑑𝑢𝑎𝑙 2 ≤ 𝜖𝑓𝑒𝑎𝑠, 𝑎𝑛𝑑 Ƹ𝜂 ≤ 𝜖

Remark

1.  Parameter 𝑡 is automatically adjusted.

2. The process proceeds even 𝐴𝑥 ≠ 𝑏, 𝛻𝐿(𝑥, 𝜆, 𝑣) ≠ 0.

3. The search directions are similar but not quite the same as the 

search directions of the barrier method.

4. The method is often more efficient than the barrier method.

Primal-Dual Interior-Point Method: algorithm



Summary

• Interior point methods convert inequality 

constraints into costs of objective function.

• The barrier method starts with strictly 

feasible solution.

• The primal dual interior methods have 

become popular due to its efficiency and 

generalization.
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