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Definition of Convex Functions

• A function 𝑓: 𝑅𝑛 → 𝑅 is convex if dom 𝑓 is a convex set and if for all
𝑥, 𝑦 ∈ dom 𝑓, and 0 ≤ 𝜃 ≤ 1, we have

𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≤ 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓(𝑦)

• Concave functions: −𝑓 is convex

3

(𝜃𝑥 + 1 − 𝜃 𝑦, 𝜽𝒇(𝒙) + 𝟏 − 𝜽 𝒇(𝒚))

(𝜃𝑥 + 1 − 𝜃 𝑦, 𝒇 𝜽𝒙 + 𝟏 − 𝜽 𝒚 )



First-order Conditions
• Suppose 𝑓 is differentiable (𝑑𝑜𝑚 𝑓 is open and 𝛻𝑓 exists at each point in 
𝑑𝑜𝑚 𝑓), then 𝑓 is convex iff dom 𝑓 is convex and for all 𝑥, 𝑦 ∈ 𝑑𝑜𝑚 𝑓

𝑓 𝑦 ≥ 𝑓 𝑥 + 𝛻𝑓 𝑥 𝑇(𝑦 − 𝑥)

• Strict convexity: 𝑓 𝑦 > 𝑓 𝑥 + 𝛻𝑓 𝑥 𝑇 𝑦 − 𝑥 , 𝑥 ≠ 𝑦

• Concave functions: 𝑓 𝑦 ≤ 𝑓 𝑥 + 𝛻𝑓 𝑥 𝑇(𝑦 − 𝑥)
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Second Order Condition

• Suppose 𝑓 is twice differentiable (𝑑𝑜𝑚 𝑓 is open and its Hessian
exists at each point in 𝑑𝑜𝑚 𝑓), then 𝑓 is convex iff dom 𝑓 is convex
and for all 𝑥, 𝑦 ∈ 𝑑𝑜𝑚 𝑓

𝛻2𝑓 𝑥 ≽ 0 (the Hessian is positive semidefinite)

• Strict convexity:𝛻2𝑓 𝑥 ≻ 0

• Concave functions: 𝛻2𝑓 𝑥 ≼ 0
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Example of Convex Functions
• Quadratic over linear function

𝑓 𝑥, 𝑦 =
𝑥2

𝑦
, for 𝑦 > 0

Its gradient 𝛻𝑓 𝑥 =

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

=

2𝑥

𝑦

−𝑥2

𝑦2

Hessian 𝛻2𝑓 𝑥 =

𝜕2𝑓

𝜕𝑥2
𝜕2𝑓

𝜕𝑥𝜕𝑦

𝜕2𝑓

𝜕𝑦𝜕𝑥

𝜕2𝑓

𝜕𝑦2

=
2

𝑦3

𝑦2 −𝑥𝑦

−𝑥𝑦 𝑥2
≽ 0 ⇒ convex

Positive semidefinite?
𝑦
−𝑥

𝑦
−𝑥

T
, for any 𝑢 ∈ 𝑅2, 𝑢𝑇 𝑣𝑣𝑇 𝑢 = 𝑣𝑇𝑢 𝑇 𝑣𝑇𝑢 =

𝑣𝑇𝑢
2

2
≥ 0.
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Epigraph
• 𝛼-sublevel set of 𝑓: 𝑅𝑛 → 𝑅

𝐶𝛼 = 𝑥 ∈ 𝑑𝑜𝑚 𝑓 𝑓 𝑥 ≤ 𝛼}

sublevel sets of a convex function are convex for any value of 𝛼.

• Epigraph of 𝑓: 𝑅𝑛 → 𝑅 is defined as

𝐞𝐩𝐢 𝑓 = (𝑥, 𝑡) 𝑥 ∈ 𝑑𝑜𝑚 𝑓, 𝑓 𝑥 ≤ 𝑡} ⊆ 𝑹𝒏+𝟏
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Link between convex sets and convex functions
• A function is convex iff its epigraph is a convex set.

• Consider a convex function 𝑓 and 𝑥, 𝑦 ∈ 𝑑𝑜𝑚 𝑓
𝑡 ≥ 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝛻𝑓 𝑥 𝑇(𝑦 − 𝑥)

• The hyperplane supports epi 𝒇 at (𝑥, 𝑓 𝑥 ), for any

𝑦, 𝑡 ∈ 𝐞𝐩𝐢 𝑓 ⇒

𝛻𝑓 𝑥 𝑇 𝑦 − 𝑥 + 𝑓 𝑥 − 𝑡 ≤ 0

⇒
𝛻𝑓 𝑥
−1

𝑇
𝑦
𝑡
−

𝑥
𝑓 𝑥 ≤ 0
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Supporting hyperplane, derived
from first order condition

First order condition for convexityepi 𝒇

𝑡

𝑥



Operations that preserve convexity

Practical methods for establishing convexity of a function

• Verify definition ( often simplified by restricting to a line)

• For twice differentiable functions, show 𝛻2𝑓(𝑥) ≽ 0

• Show that 𝑓 is obtained from simple convex functions by operations
that preserve convexity (Ref. Chap. 3.2)
• Nonnegative weighted sum

• Composition with affine function

• Pointwise maximum and supremum

• Composition

• Minimization

• Perspective
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Conjugate Function

• Given function 𝑓: 𝑅𝑛 → 𝑅 , the conjugate function
𝑓∗ 𝑦 = sup

𝑥∈𝑑𝑜𝑚 𝑓
𝑦𝑇𝑥 − 𝑓(𝑥)

• The dom 𝑓∗ consists 𝑦 ∈ 𝑅𝑛 for which sup
𝑥∈𝑑𝑜𝑚 𝑓

𝑦𝑇𝑥 − 𝑓(𝑥) is bounded

Theorem: 𝑓∗(𝑦) is convex even 𝑓 𝑥 is not convex.
10

(Proof with pointwise supremum)
𝒚𝑻𝒙 − 𝒇(𝒙) is affine function in 𝒚

Supporting hyperplane: if 𝑓 is convex in that domain

( 𝑥, 𝑓( 𝑥)) where 𝛻𝑓𝑇 𝑥 = 𝑦 if 𝑓 is differentiable

(0, −𝑓∗(0))

Slope 𝑦 = −1

Slope 𝑦 = 0



Examples of Conjugates

• Derive the conjugates of 𝑓: 𝑅 → 𝑅
𝑓∗ 𝑦 = sup

𝑥∈𝑑𝑜𝑚 𝑓
𝑦𝑥 − 𝑓(𝑥)
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Affine

Norm

quadratic

See more examples in chap 3.3.1



Quasi-convex Functions

• A function 𝑓: 𝑅𝑛 → 𝑅 is quasi-convex if its domain and all its sublevel 
sets

𝑆𝛼 = 𝑥 𝜖 𝑑𝑜𝑚 𝑓 𝑓(𝑥) ≤ 𝛼}, 𝛼 𝜖 ℛ

are convex.

• Another way to define a quasi-convex function: a function 𝑓: 𝑆 → ℛ
defined on a convex subset 𝑆 is quasi-convex if for all 𝑥, 𝑦 𝜖 𝑆, 0 ≤
𝜆 ≤ 1, we have

• 𝑓 𝜆𝑥 + 1 − 𝜆 𝑦 ≤ max {𝑓 𝑥 , 𝑓(𝑦)}
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Examples
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x

f(x)

x

f(x)

Not Quasi-convexQuasi-convex



Assignment - Entropy

• 1) Feel comfortable to use any properties of a convex function.

• 2) Use the definition of the conjugate function directly. You should
arrive at the result similar to sum of exponentials.
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Assignment – KL Divergence

• 1) Use the definition of KL divergence (e.g., for KL(p,q) sum 𝑝𝑖log(𝑝𝑖/
𝑞𝑖) for the six events)

• 2) Plug in the number from the table directly.

• 3) Give two examples. One for P=Q; the other for P ≠Q

15



Assignment – Piecewise Conjugate Function

• Discuss each region

• Your answer should include both bounded and unbounded cases in 
the expression of y
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Assignment – Dual Norm

• max 𝑥𝑇𝑦 = max(
𝑥𝑇𝑦

||𝑦||𝑝
)

• Try to solve ∇𝑦max
𝑥𝑇𝑦

𝑦
𝑝

= 0

17


