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Matrix Form of linear equations

) oxi—2x, =1
3x; +2x, =11
* Two equations
* Two unknowns/variables

* Linear equations can be written in the matrix form

) [?1 _22] [2]: [111]
* Ax=b
e A: m*n matrix

* X: n*1 vector
* b: m*1 vector



Gaussian Elimination (Row reduction)
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* Pivots: the leftmost non-zero element on each row
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Row reduction

W N =

> -
81—
10

o BN
CORNO) NN\
O O
S NI

==

U—-R

* Reduced echelon form (R)

e All pivots=1
e Zeros below and left to pivots
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Gaussian Elimination (Row reduction)

* Elimination operations:
* Swap two rows
* Subtract a scalar multiple of one row from another
* Multiply a row by a non-zero scalar

e R= EnEn—l ElA
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Range

* Range of A is the linear combination of the column vectors that
contain the pivots.

1 2 2 271 [1 2 2 2
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* range(A)=c, |2| + ¢c3|6], Vcq,c3 ER
3. 8.

* range = column space



Rank

1 2 2 21 [1 2 2 2
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A R

* rank(A) = # of pivots in R
* rank(A) = # of linearly independent columns = dimension of range
* rank(A) = # of nonzero rows in R

* rank(A) < min(m, n)
 If rank(A)=m, Ax = b has solution for Vb € R



Nullspace

* The nullspace N(A) in R™contains all solutions x to Ax = 0, including x=
0.

c*Ax =0 ->Rx =0

* Row reduction will not change the solutions

vill not chy
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1o o 1 2[[ =1
o o o ol 2 [,

rx1 + 2x, + 2x3 +2x, =0

. X3+ 2x, =0




Nullspace

* |dentify the free variables
1 ro;
12 2 2|, |,
joo 12 =g
0 0 0 olfi7 |,

T 1

free columns

* Free columns — free variables
* Pivot columns — pivot variables



Nullspace

* Represent the pivot variables with respect to the free variables

X1 = —2Xp + 2Xx4
. x1+2x2+2x3+2x4=0_)< Xy = Xy
X3+ 2x4 =0 X3 = —2Xy4
K X4 — X4_
* Writing it in matrix form gives us the nullspace of A
9 -
1 0 | X2
* N(A): x = 0 —2 [x4]' where Vx, ,x, € R
0 1

« dimension of N(A) = n-— rank(A)



Solve Ax=Db

* Row reduce the augmented matrix [A b]to [R d]

* Row reduction will not change the solutions
* If d,,, = 0, the equations are solvable, otherwise no solution

* Example
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has the 1 3 0 2 1
augmented 0 01 4 6|= [A b]
matrix 1 3 1 6 7

l row reduce

o O W
Q= O
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T AT
OO =

1
6| =[R d].
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Solve Ax=Db

* Complete solution: x = x,, + x,

e Particular solution Xp: Axp =b

» Set free variables to be arbitrary values (e.g. zeros)
 Solve for pivot variables (e.g. pivot variables from d)

1 3 0 2 1 Ld3-<0 2 Tk
0 01 4 6(=[A4Db] 0 01 4 6|=|R d].
1 3 1 6 7 0O 00 0 O
130272 |

Re,=| 0 0 1 4 0 * Free variables: x,, x4
00 0 0 g * Pivot variables: xy, x5




Solve Ax=b
* Special solutions x,,: Ax,, = 0 X, + %,
* xn = N(A) Xp
o .
1 1
* Xp = Xy + X4 ,Vxs,x4 ER
0 0 .
L0 L0
 Complete solutions
* Nullspace translated to pass point x,, 0 R*
Fi el 2]
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0 | 40 | 3]
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Determinant

* The determinant of a square matrix A € R™*™ is a function det:
R™™ — R, denoted as |A| or det(A).

* |det A| is the volume of the n-dimensional parallelotope formed by
the row vectors of A

e Example: A = ﬁ é

(1,3)
4 1
g Area—‘1 3|—11
(0,0) (4,1)



Determinant

e Let A € R™", properties of determinant:
e det(l) =1
det(Q) =1or —1
« Qis an orthogonal matrix: QT = Q1
det(4) =0 © rank(4) <n

Let E be an elimination matrix, det(EA) = det(E) det(A)

* Multiply a row by a non-zero scalar t, det is multiplied by t
e Subtracting a multiple of one row from another row leaves det(A) unchanged
* det(A) changes sign when two rows are exchanged

det(4) = det(47)
If Ais triangular then det(4) = 1%, a;;
det(4) = [[}=1 4

* Let A, B € R™", then det(4AB) = det(A) det(B)



Find det(A)

* Cofactor of element a;;
Cij — (—1)i+j det A/[z]
* Cofactor formula

e det(A) is the dot product of any row i of A with its cofactors

det A =a;1C;1 + a;20Ci0 + -+ - + a;n,Cin,

ol

e det(4) = ‘Ccl Z‘ = ad — bc



Find det(A)

* Example
(2 3 1 |
detf 2 0 -1
1 4 5

=2-det[ 2 ‘51 }—(—3)-det{

=2X4+3x11+8 =49
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Figenvalues and eigenvectors

* For a square matrix A € R™", x € R"(x # 0) is called its

eigenvector and A € R is its associated eigenvalue if
Ax = Ax

* An eigenvector x lies along the same line as Ax

e If Ax = Ax, then
c (A—ADx =0
e det(A—A) =0

* rank(A) is equal to the number of non-zero eigenvalues



Find eigenvalues

* Solve det(A — AI) = 0for A

* p(1) = det(A — Al) is the characteristic polynomial of degree n
whose roots are eigenvalues

e det(A—A) =y — ) (A, — A)



Find eigenvalues

Example
o2
A‘lz 4

Subtract \ from the diagonalto find A — \I = {1 ; A 1

L—A

2
— A

det[ : 43)\]:(1—)\)(4—)\)—(2)(2):)\2—5)\‘

det(A — M) =X2 -5\ =0 yields the eigenvalues \; =0

and

|

A2

d .
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Find eigenvectors

* Solve (A — Al)x = 0 for x
* xisthe N(4 — AI) — {0}

* Find the nullspace of A — Al
* x=f(4)

* Plugging in each eigenvalue 4, yields the corresponding eigenvector v;



Find eigenvectors

Example
o2
A‘lz 4

Subtract )\ from the diagonalto find A — \I = r g 2 1

ll_/—l 2 ]R2<—R2—13—/1R1 1—-2 . 2/1
> 5-— =
2 4-21 0o =2
A=0,5 ll —1 2 R1<—ﬁR1 1 _Z
— — 1-2
0 0 0 0

2
— A

|
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Find eigenvectors

IRE= RN
°x—[/11x2, Vx, € Rand x, # 0

1
* 1, = 5 gives the eigenvectors x = [1{2], Vc € Randc# 0

* 11 = 0 gives the eigenvectors x = c[ ], Vce Randc# 0



Inverse of @ matrix

 For a square matrix 4 € R™*"
* If A has an inverse (not singular), then AA™ 1 = A 1A =1
* Equivalent conditions of “A is invertible”
* rank(A)=n
det(A) # 0
x=0 is the only solution for Ax = 0
Ax = b has a single solution x = A~ 'b for Vb € R
All eigenvalues of A are nonzero



Find A~ by elimination

e Gauss-Jordan Elimination
row reduction

Vi >[I A71]
- ATH[A II=[1 A7
* Can be applied to block matrix




Find A~ by elimination
* Example

0 1
(K e1 ez e3]=| -1 2 -1 0
2 0
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Start Gauss-Jordan on K

(3 row 1 +row 2)

(2 row 2 + row 3)
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Find A~ by elimination

* Example

Zero above =
third pivot

B0 N O &N

Zero above
second pivot
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Find A~ by elimination

* Example

(divide by 2)
(divide by 2)
(divide by %)

LN L ) L Y (V)

(M

DO =

BRI N R
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Find A~ by the adjoint of A

° -1 — 1
AT = det(A)

* Find det(A)

* Find the adjoint of matrix A: adj(A)
e adj(A) = CT
* C = [Cij]nxn is the cofactor matrix

adj(A)



Find A~ by the adjoint of A

* Example
12 4
A_lz 1
e det(4) = 2X1 — 2x4 = —6
11 =2
C_[_4 2] 1 —4
° ] — T — o
adj(A) = C _[_2 2]
’A_l_ 1 ad](A) _ _1/6 2/3

~ det(4) 1/3 -1/3



Trace

* The trace of an nXn square matrix A is defined to be the sum of its
diagonal elements

* tr(A) = Y=, 4j

* Properties

* For A € R™"
e tr(4) = tr(47)
« tr(4) =YL A
e ceR, tr(cA) = ctr(A)
 For A,B € R"*"
* tr(A+ B) =tr(A) + tr(B)
* tr(AB) = tr(BA)



Matrix and vector derivatives: Gradient

Gradient: consider a function f : R™ — R that takes a vector x € R™ and returns a real value.
Then the gradient of f (w.r.t. x) is the vector of partial derivatives, defined as

-85 ()
(')171

0/ (z)
Y f (&)= ¢ %2

91 (z)

* Examples
c flx) = 17x = Y0 X
* Vflx) =1
* f) =xTx =Xl oxf
 Vf(x) = 2x



Matrix and vector derivatives : Gradient

Gradient: consider a function f : R™ — R that takes a vector x € R™ and returns a real value.
Then the gradient of f (w.r.t. x) is the vector of partial derivatives, defined as

O f(x)
Oz

0/ (z)
Y f (&)= ¢ %2

91 (z)

* Examples
* f(x) =b"x =X bix;
* Vf(x) =b
°f(x)=xTAx= =1 D= 1 Xj4;
« Vf(x)=(4 +AT)x



Matrix and vector derivatives: Hessian

Hessian: consider a function f : R™ — R that takes a vector x € R™ and returns a real value.
Then the Hessian matrix of f (w.r.t. x) is the n x n matrix of partial derivatives, defined as

- 0% f(x) 9% f(x) 02 f(x) T
(').’L‘% 0x10xo T Ox10x,
9% f(x) 9% f(x) 9% f(x)
2 Ox10x2 Ox? Tt Ozoedxg,
Vef(z)=|""" . ,
9% f(z) 9% f(x) 0% f(z)
| Ox, 011 Oz, 0xo Tt dzz.

* Examples
* f(x) =b"x = XiLobix;
* sz(x) = [0]nxn
» fx) =x"Ax = ¥ YiLq XA x;
« V2f(x) = A+ AT



