
CSE 105, Winter 2022 - Homework 4

Due: Monday (2/14/2022) 11:59 PM

Instructions

Upload a single file to Gradescope for each group. All group members’ names and PIDs should
be on each page of the submission. Your assignments in this class will be evaluated not only on
the correctness of your answers, but on your ability to present your ideas clearly and logically.
You should always explain how you arrived at your conclusions, using mathematically sound
reasoning. Whether you use formal proof techniques or write a more informal argument for why
something is true, your answers should always be well-supported. Your goal should be to
convince the reader that your results and methods are sound.

Reading Sipser Sections 2.1, 2.2

Key Concepts Context-Free Grammars, Pushdown Automata



Problem 1 (10 points)
For the following CFGs, convert them to the Chomsky Normal Form. Please take a look at
Definition 2.8 and Theorem 2.9 from the textbook. Describe in English, or using set notations,
the language generated by each. In each case, give 2 examples each of strings which belong to
the language of the CFG.

a. G1 = ({S, A, B}, {0,1}, R, S). The set of rules R is given as:
1. S A1B0→
2. 𝐴 → 0𝐴 | ε 
3. 𝐵 → 1𝐵0 | ε 
4. 𝑆 → ε

b. G2 =  ({S,A}, {0}, R, S). The set of rules R is given as:
1. 𝑆 → 𝐴𝑆𝐴 | 𝑆 | ε
2. 𝐴 → 00 | ε

Problem 2 (10 points)
For each of the following languages, give the CFG for the language. Please provide a brief
justification for your answer for full credit.

a. w = {w | w ∈ and w starts and ends with the same character}{0, 1} *
b. The complement of the language { anbn | n ≥ 0 }

Problem 3 (10 points)
Given a language , we define an operation FlipBits(L), which flips every character in𝐿 ⊂ {0, 1}*

any string of L (that is, changes 0 to 1 and 1 to 0). Prove that the set of context-free languages is
closed under the FlipBits operation.

To do this, consider a CFG given by generating a language L. Prove that𝐺 = (𝑉,  Σ , 𝑅 , 𝑆)

is context-free by constructing a CFG = for , and prove𝐿' =  𝐹𝑙𝑖𝑝𝐵𝑖𝑡𝑠(𝐿) 𝐺' (𝑉',  Σ' , 𝑅' , 𝑆') 𝐿'
the correctness of your construction.



Problem 4 (10 points)
We have seen earlier that the Pumping Lemma can be used to show that a language is not regular.
Interestingly, with some modifications, the Pumping Lemma can also be used to prove that a
language is not context-free. The Pumping Lemma for Context Free Languages is defined as
follows:

For any context free language L, there exists a number p, called the pumping length, such that
any string  which has length greater than p can be written in the form w=uvxyz, so that𝑤 ∈ 𝐿
either v or y is non-empty, and , for all i≥0. (For reference, see Theorem 2.34 in the𝑢𝑣𝑖𝑥𝑦𝑖𝑧 ϵ 𝐿
book.) That is,
1. 𝑣𝑥𝑦| |≤ 𝑝
2. |𝑣𝑦| > 0
3. 𝑢𝑣𝑖𝑥𝑦𝑖𝑧 ϵ 𝐿,  ∀ 𝑖 ≥ 0

Consider the two CFGs:
G1 = ({S, A, C}, {a,b,c}, R, S). The set of rules R is given as:

1. 𝑆 → 𝐴𝐶
2. 𝐴 → 𝑎𝐴𝑏 | ε
3. 𝐶 →  𝑐𝐶 | ε

G2 = ({S, B}, {a,b,c}, R, S). The set of rules R is given as:
1. 𝑆 → 𝑎𝑆𝑐 | 𝐵 | ε
2. 𝐵 → 𝑏𝐵 | ε

a) Describe, in English, the languages L1 and L2 defined by G1 and G2.
b) Use the pumping lemma for context free languages to prove that L1 ∩ L2 is not a context

free language.
c) You showed in (b) that the family of context free languages is *not* closed under

intersections. However, we saw in class that they are closed under unions.
Use both these facts to prove that the class of context free languages is *not* closed
under complementation.

Problem 5 (10 points)
Construct the CFG and PDA for the languages given by:

a) 𝐿 =  {02𝑛1𝑛  | 𝑛 >  0}
b) 𝐿 =  {𝑤 = 𝑤𝑅 | 𝑤 ∈ {0, 1}*}

For the PDA, you must show the state diagram for your construction. You do not need to provide
the formal definition or the proof of correctness, but please provide a brief explanation for why
your answer is correct for full credit. You do not need to have the minimal number of states in
the state diagram, but please try to keep it as low as possible.


