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Unconstrained Minimization Problems

* Assume that the objective function is strongly convex on S, there exists an m > 0 such
that

V2f(x) =ml (1)
forall x € S.
* Upper bound on V2 f(x), there exist a constant M such that

V2f(x) < MI (2)
forall x € S.

In class we are given two inequality condition for the optimal
1 2
m”vf(x)”z < |lx—x"|; < E”Vf(x)”z
1 2 * 1 2
A VFEIZ, < f() —p* < —I7f @2,

How to prove?



Unconstrained Minimization Problems

* Taylorexpansionwithanyx,y € S.
1
fO) =f)+Vf )" (y—x)+ - )"V f(2)(y — x)

for z on the line segment between x and y.
e Considerthestrongconvexity V2f(x) = ml foranyx € S

FO) 2 GO +TFEOT( —x) + = |ly = x|,

? 1 2
) T om ||\7f(x)||2

:f(x)+§Hy—x+%Vf(x)

1
> f(0) = o [IPF GOl

* ltholdsforanyy € S, lety = x* be the optimal

1
P =FG) 2 fO0) = o |IPF GO,

1
= f() - p" <o |IPfF I,



Unconstrained Minimization Problems
* Taylorexpansionwithanyx,y € S.
1
fO) =fC)+Vf)'(y—x)+ - )"V f(2)(y —x)

for z on the line segment between x and y.
* Considertheupperbound V%f(x) < MI foranyx € S

M 2
FO) < FOO +PFET( =)+ [ly = xI[;
try to minimize the rhs, the minimum s achieved aty = x — % Vf(x)

1 1
f(x _va(x) ) Sf(x)—WHVf(X)”i

* Let x* be the optimal

p* = f(x*) < f(x—%Vf(X) ) = f(x)—%llVf@”;

1
> PG, < G - pr

1 1
> mllVf(X)IIZ2 <fl)-p =< %IIW(X)IIZ2



Unconstrained Minimization Problems

* Taylorexpansionwithanyx,y € S.
1
fO) =f)+Vf )" (y—x)+ - )"V f(2)(y — x)

for z on the line segment between x and y.

* Considerthestrongconvexity V2 f(x) = ml foranyx € S, we have
* * T % m " 2
Pt = ) 2 () +TF@T G =0+ [l — %],

=z fx) - ||\7f(x)||2||x* —x||2 "‘? ||x* - x||§ Cauchy-Schwarz inequality
* Since p* < f(x)forallx €S
m
—[I7f I, [Ix* = xI|, +7||x* _ x||§ <0

2
= |lx* — x|, SEIIVf(X)II2



Unconstrained Minimization Problems

* Taylorexpansionwithanyx,y € S.
1
fO) =f)+Vf )" (y—x)+ - )"V f(2)(y — x)

for z on the line segment between x and y.
e Considerthefirst-order conditionforanyx € S and x™ is optimal
p*=f(x*) = f(x) +Vf(x)"(x* — x)
> f(x) — ||\7f(x)| |2||x* — x||2 Cauchy-Schwarz inequality
 We already prove that

b = F) < FO) — gy 177 @IS
= —I7f GOl I 1], < — 2 17 I
= IPF @I, < lx —xl],

> —IIVf(X)Ilz IIx—x||z<—||\7f(x)IIz



