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Separating hyperplane theorem

if C' and D are nonempty disjoint convex sets, there exist a # 0, b s.t.

alx <bforzecC, alz>bforzeD

the hyperplane {x | a’x = b} separates C' and D

strict separation requires additional assumptions (e.g., C'is closed, D is a
singleton)



Supporting hyperplane theorem

supporting hyperplane to set C' at boundary point xz:
{z|a'z=a"z0}

where a # 0 and a’xz < a’zg for all z € C

supporting hyperplane theorem: if (' is convex, then there exists a
supporting hyperplane at every boundary point of C



Definition of Convex Functions

* A function f: R™ — R is convexif dom f is a convexset and if for all
x,y€Edomfand0<6<1 _
f(6x+ (1= 6)y) < Of(x) + (1= 0)f (y) ometimes caled

: , o Jensen’s inequality
* Review the proofin class: necessary and sufficiency

e Strict convexity:f(Ox+ (1 —-0)y) < 0f(x)+ (1 —-0)f(y),x +
y,0<0<1

* Concave functions: —f is convex

Ox + (1 —0)y6f(x) + 1 -0)f ()




First-order Condition

* Suppose f is differentiable (dom f is open and Vf exists at Vx € dom f),
then f is convexiff dom f is convexand forall x,y € dom f

f) = f)+ V)" (y—x)
* Review the proofin class: necessary and sufficiency
e Strict convexity: f(y) > f(x) + Vf(x) ' (y—x),x £y
* Concave functions: f(y) < f(x) + Vf(x)T (y — x)
f(y)

f(x)+ Vi) (y—2x)

a global underestimator

(z, f(x))



Second Order Condition

* Suppose f is twice differentiable (dom f is open and its Hessian
exists at Vx € dom f), then f is convexiff dom f is convexand for all
x,y € dom f

V2f(x) = 0 (positive semidefinite)
e Review the proofin class: necessary and sufficiency
e Strict convexity:V4f(x) > 0

« Concave functions: V%f(x) < 0



Operations that preserve convexity

Practical methods for establishing convexity of a function
* Verify definition ( often simplified by restricting to a line)
* For twice differentiable functions, show V4f(x) = 0

* Show that f is obtained from simple convexfunctions by operations
that preserve convexity (Ref. Chap. 3.2)
* Nonnegative weighted sum
 Composition with affine function
Pointwise maximum and supremum
Composition
Minimization
Perspective



Relation between convex sets and convex functions

* A function is convexiff its epigraph is a convex set.

* Consider a convexfunction f andx,y e dom f
> f(x) + 7f () (v = )
epi f First order condition for convexity

* The hyperplane supports epi f at (x, f(x)), for any

(y,t) Eepif =
Vf) " (y—x)+ fx)—t <0

=[] (B [rto]) <o

Tt
_>x

Supporting hyperplane, derived
z, f(2)) from first order condition

(Vf(x),—1) 9



Pointwise Supremum

* Ifforeachy € U,f (x,y): R™ = Ris convexin x, then function
g(x) = sup f(x,y)

yeU

IS convexin X.
* Proof with definition of convex functions.
* Epigraph of g(x) is the intersection of epigraphs with f and set U
epi g =Nyey epif(-,y)

knowing epi f(-,y) is a convexset (f is a convexfunctionin x and regard
y as a const), so epi g is convex.

* An interesting method to establish convexity of a function: the pointwise
supremum of a family of affine functions. (ref. Chap 3.2.4)



Conjugate Function

* Given function f: R"™ = R, the conjugate function

f*) = sup y'x —f(x)

xedom f

* The dom f* consists y € R™ forwhich sup y’x — f(x) is bounded
xedom f

.Y

. Supportinghyperplane:if f is convexin that domain

, (ﬁ,f()’?)) where VfT (%) = y if f is differentiable
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Theorem: f*(y) is convex even f(x) is not convex:

(Proof with pointwise supremum)
yI'x — f(x)is affine functionin 'y



Duality

standard form problem (not necessarily convex)

minimize  fo(x)
subject to  fi(x) <

variable z € R", domain D, optimal value p*

Lagrangian: L : R" x R"" x R = R, with dom L =D x R™ x R?,

L(x, \,v) +Z>\ fi(z +Zyihz-(a:)
i=1

Lagrange dual function: g : R x R” — R,

g(\,v) = inf L(x,\,v)

TzED
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Duality

* The Lagrange dual function is concave

* The dual function yields lower boundson optimal value
gAv) <p’
Prove the properties.

Lagrange dual problem

maximize  g(\,v)

subjectto A > 0
e finds best lower bound on p*, obtained from Lagrange dual function
e 3 convex optimization problem; optimal value denoted d*
e )\, v are dual feasible if A = 0, (\,v) € domg

e often simplified by making implicit constraint (A, ) € dom g explicit
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Geometric interpretation

« Let:Gg = {(fi(x), e, frn(x), hy (x), ..., hy (X), fo (X)) € R XRPXR| x € D}
* Optimal value p* = inf{t|(u,v,t) € G,u < 0,v = 0}
* The dual function g(4,v) = inf{(4, v, DT (w, v, t) |(u, v, t) € G}
* Lower bound property holds: p™ = g(4,v)

P
d*

-

e \u+t=g()\)is (non-vertical) supporting hyperplane to G

e hyperplane intersects t-axis at t = g(\)
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Saddle point interpretation

* Max-min inequality: for any f:R"XR™ — R
sup inf f(w,z) < inf sup f(w,z)

Consider the optimal values of primal problem and dual problem (no equality
constraint),
p* =infsup L(x, 1), d* = supinfL(x,A)
X A0 A=0 X
d* <p”
e Strong max-min property (saddle-point property)
inf = inf
Sup o, (v 2) = fnf, sup £ (w.2)
* Saddle-pointw € W, Z € Z for f if

fw,z) < f(w,2) < f(w,2)

forallw € W,z € Z. & strong max-min holds.



KKT condition

the following four conditions are called KKT conditions (for a problem with
differentiable f;, h;):

1. primal constraints: f;(z) <0,i=1,...,m, hy(z)=0,i=1,...,p
2. dual constraints: A = 0

3. complementary slackness: \;f;(z) =0,i=1,...,m

4. gradient of Lagrangian with respect to x vanishes:

V fo(z +Z>\Vf +Zuzwl

* Any optimization problem W|th dlfferentlal fo, ..., Jm for which strong duality
obtainsp™ = d”, any pair of primal (x™) and dual optimal points (1%,v™) must
satisfy the KKT conditions.
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Primal and Dual formulation of a LP problem

* Considera linear programming problem
minimize  c¢’x
subject to Ax <0
» Thefeasiblex isin the cone K = {x|Ax < 0}. The optimal condition Vf,(x)"(y — x) = 0 should holds
forally € K. So the gradient Vf,(x) = c fallsinthedualcone K* = {—ATy|y > 0},
=> ATy +c¢ =0, 3y =0
» The Lagrange dual function of the primal problemiis
T _
2 =inf (cTx+ Mx)=4{0 AA+c=04=20
94) X ( ) { —00 otherwise
The dual problemis

max 0
subjectto ATA+c¢=0
A=0
* Farkas’ lemma: the system of inequalities
Ax <0, cTx <0

where A € R™*" ¢ € R™ and the system of equalities ad inequalities
ATy+c=0, y>0
are strongalternatives.



