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Separating	hyperplane	theorem
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Supporting	hyperplane	theorem
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Definition of Convex Functions
• A function 𝑓: 𝑅$ → 𝑅 is convex if dom	𝑓 is a convex set and if for all
𝑥, 𝑦 ∈ dom	𝑓 and 0 ≤ 𝜃 ≤ 1

𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≤ 𝜃𝑓 𝑥 + 1− 𝜃 𝑓(𝑦)
• Review the proof in class: necessary and sufficiency

• Strict convexity:𝑓 𝜃𝑥 + 1− 𝜃 𝑦 < 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓 𝑦 , 𝑥 ≠
𝑦, 0 < 𝜃 < 1
• Concave functions:−𝑓 is convex
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sometimes called
Jensen’s inequality

(𝜃𝑥 + 1 − 𝜃 𝑦, 𝜽𝒇(𝒙) + 𝟏 −𝜽 𝒇(𝒚))



First-order Condition
• Suppose 𝑓 is differentiable (𝑑𝑜𝑚	𝑓 is open and 𝛻𝑓 exists at ∀𝑥 ∈ 𝑑𝑜𝑚	𝑓),
then 𝑓 is convex iff dom	𝑓 is convex and for all 𝑥, 𝑦 ∈ 𝑑𝑜𝑚	𝑓

𝑓 𝑦 ≥ 𝑓 𝑥 + 𝛻𝑓 𝑥 C(𝑦− 𝑥)
• Review the proof in class: necessary and sufficiency

• Strict convexity:𝑓 𝑦 > 𝑓 𝑥 + 𝛻𝑓 𝑥 C 𝑦− 𝑥 , 𝑥 ≠ 𝑦

• Concave functions: 𝑓 𝑦 ≤ 𝑓 𝑥 + 𝛻𝑓 𝑥 C(𝑦 − 𝑥)
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a global underestimator



Second Order Condition
• Suppose 𝑓 is twice differentiable (𝑑𝑜𝑚	𝑓 is open and its Hessian
exists at ∀𝑥 ∈ 𝑑𝑜𝑚	𝑓), then 𝑓 is convex iff dom	𝑓 is convexand for all
𝑥, 𝑦 ∈ 𝑑𝑜𝑚	𝑓

𝛻E𝑓 𝑥 ≽ 0 (positive semidefinite)

• Review the proof in class: necessary and sufficiency

• Strict convexity:𝛻E𝑓 𝑥 ≻ 0
• Concave functions: 𝛻E𝑓 𝑥 ≼ 0
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Operations that preserve convexity
Practical methods for establishing convexity of a function
• Verify definition ( often simplified by restricting to a line)
• For twice differentiable functions, show 𝛻E𝑓(𝑥) ≽ 0
• Show that 𝑓 is	obtained from simple convex functions by operations
that preserve convexity (Ref. Chap. 3.2)
• Nonnegativeweighted sum
• Compositionwith affine function
• Pointwisemaximum and supremum
• Composition
• Minimization
• Perspective
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Relation between convex sets and convex functions
• A function is convex iff its epigraph is a convex set.

• Consider a convex function 𝑓 and 𝑥, 𝑦 ∈ 𝑑𝑜𝑚	𝑓
𝑡 ≥ 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝛻𝑓 𝑥 C(𝑦 − 𝑥)

• The hyperplane supports epi 𝒇 at (𝑥, 𝑓 𝑥 ), for any

𝑦, 𝑡 ∈ 𝐞𝐩𝐢	𝑓 ⇒
𝛻𝑓 𝑥 C 𝑦− 𝑥 + 𝑓 𝑥 − 𝑡 ≤ 0

⇒ 𝛻𝑓 𝑥
−1

C 𝑦
𝑡 − 𝑥

𝑓 𝑥 ≤ 0
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Supporting hyperplane, derived
from first order condition

First order condition for convexityepi 𝒇
𝑡

𝑥



Pointwise Supremum
• If for each 𝑦 ∈ 𝑈, 𝑓(𝑥, 𝑦): 𝑅$ → 𝑅 is convex in 𝑥, then function

𝑔(𝑥) = sup
T∈U

𝑓(𝑥, 𝑦)

is convex in 𝑥.
• Proof	with	definition	of	convex	functions.
• Epigraph of 𝑔 𝑥 is the intersection of epigraphs with 𝑓 and set 𝑈

	𝐞𝐩𝐢	𝑔 =∩T∈U 𝐞𝐩𝐢	𝑓(W	, 𝑦)

knowing 𝐞𝐩𝐢	𝑓(W	, 𝑦) is a convex set (𝑓 is a convex function in 𝑥 and regard
𝑦 as a const), so 𝐞𝐩𝐢	𝑔 is convex.

• An interesting method to establish convexity of a function: the pointwise
supremum of a family of affine functions. (ref. Chap 3.2.4)
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Conjugate Function
• Given function 𝑓: 𝑅$ → 𝑅	, the conjugate function

𝑓∗ 𝑦 = sup
Y∈Z[\	]

𝑦C𝑥	 − 𝑓(𝑥)

• The dom 𝑓∗ consists 𝑦 ∈ 𝑅$ for which sup
Y∈Z[\	]

𝑦C𝑥	 − 𝑓(𝑥) is bounded

Theorem: 𝑓∗(𝑦) is convexeven 𝑓 𝑥 is not convex.
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(Proof with pointwise supremum)
𝒚𝑻𝒙	 − 𝒇(𝒙) is affine function in 𝒚

Supportinghyperplane: if𝑓 is convex in that domain

(𝑥_ , 𝑓(𝑥_)) where𝛻𝑓C 𝑥_ = 𝑦 if 𝑓 is differentiable

(0,−𝑓∗(0))

Slope 𝑦 = −1

Slope 𝑦 = 0



Duality

• Optimality	criterion	
• 𝑥 is	optimal	iff it	is	feasible	and

𝛻𝑓 𝑥 C 𝑦− 𝑥 ≥ 0, ∀	feasible	𝑦
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Duality
• The	Lagrange	dual	function	is	concave
• The	dual	function	yields		lower	bounds	on	optimal	value

𝑔 𝜆, 𝜈 ≤ 𝑝∗

Prove	the	properties.
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Geometric	interpretation
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• Let	:𝒢 = {(𝑓l 𝑥 ,… , 𝑓\ 𝑥 ,ℎl 𝑥 , … ,ℎo 𝑥 ,𝑓 (𝑥)) ∈ 𝑅\×𝑅o×𝑅|	𝑥 ∈ 𝒟}
• Optimal	value	𝑝∗ = inf 𝑡 𝑢, 𝑣, 𝑡 ∈ 𝒢, 𝑢 ≤ 0, 𝑣 = 0}
• The	dual	function	𝑔(𝜆, 𝜈) = inf{ 𝜆, 𝜈, 1 C 𝑢, 𝑣, 𝑡 	| 𝑢,𝑣, 𝑡 ∈ 𝒢}
• Lower	bound	property	holds:	𝑝∗ ≥ 𝑔(𝜆, 𝜈)



Saddle	point	interpretation
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• Max-min	inequality:	for	any		𝑓:𝑅$×𝑅\ → 𝑅
sup
w∈x

inf
y∈z	

𝑓 𝑤, 𝑧 ≤ inf
}∈z

sup
~∈x	

𝑓 𝑤, 𝑧

Consider	the	optimal	values	of	primal	problem	and	dual	problem	(no	equality		
constraint),

𝑝∗ = inf
Y
sup
�≽`

𝐿(𝑥, 𝜆) , 		 𝑑∗ = sup
�≽`

inf
Y
𝐿(𝑥, 𝜆)

𝑑∗ ≤ 𝑝∗

• Strong	max-min		property	(saddle-point	property)
sup
w∈x

inf
y∈z	

𝑓 𝑤, 𝑧 = inf
}∈z

sup
~∈x	

𝑓 𝑤, 𝑧

• Saddle-point	𝑤� ∈ 𝑊, 𝑧̃ ∈ 𝑍 for	𝑓 if	
𝑓 𝑤� ,𝑧 ≤ 𝑓 𝑤� , 𝑧̃ ≤ 𝑓 𝑤, 𝑧̃

for	all	𝑤 ∈ 𝑊, 𝑧 ∈ 𝑍.⟺ strong	max-min	holds.



KKT	condition	
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• Any optimization	problem	with	differential	𝑓 , … , 𝑓\ for	which	strong	duality	
obtains	𝑝∗ = 𝑑∗,	any	pair	of	primal	(𝑥∗) and	dual	optimal	points	(𝜆∗, 𝜈∗)must	
satisfy	the	KKT	conditions.



Contents

• Case	Studies	(see	the	exercises	and	midterm	sample)
• Supporting	hyperplane
• Dual	cone	
• Conjugate	function
• Primal	dual	formulation

• Review	the	homework	exercises
• HW1,	2	and	3
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Primal	and	Dual	formulation	of	a	LP	problem
• Consider	a	linear	programming	problem	

minimize 								𝑐C𝑥
subject	to								𝐴𝑥 ≼ 0

Ø The	feasible	𝑥 is	in	the	cone	𝐾 = 𝑥 𝐴𝑥 ≼ 0}.	The	optimal	condition	∇𝑓 𝑥 C 𝑦 − 𝑥 ≥ 0 should	holds	
for	all	𝑦 ∈ 𝐾.	So	the	gradient	𝛻𝑓 𝑥 = 𝑐 falls	in	the	dual	cone	𝐾∗ = −𝐴C𝑦 𝑦 ≥ 0},	

⇒ 𝐴C𝑦 + 𝑐 = 0, ∃𝑦 ≽ 0
Ø The	Lagrange	dual	function	of	the	primal	problem	is	

𝑔 𝜆 = inf
Y
	(𝑐C𝑥 + 	𝜆𝐴𝑥) = �0									𝐴

C𝜆 + 𝑐 = 0, 𝜆 ≥ 0
−∞																	𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

The	dual	problem	is
max													0
subject	to				𝐴C𝜆 + 𝑐 = 0

𝜆 ≥ 0
• Farkas’	lemma:	the	system	of	inequalities	

𝐴𝑥 ≼ 0, 𝑐C𝑥 < 0
where	𝐴 ∈ 𝑅\×$, 𝑐 ∈ 𝑅$,	and	the	system	of	equalities	ad	inequalities

𝐴C𝑦 + 𝑐 = 0, 𝑦 ≽ 0
are	strong	alternatives. 18


