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Optimization problem in standard form

minimize  fo(2)
subject to  fi(x) <0, i=1,...,m
hi(x) =0, 1
e » € R" is the optimization variable

e fo:R" — R is the objective or cost function

e f,:R"—=R,i=1,...,m, are the inequality constraint functions

e h; : R" — R are the equality constraint functions
optimal value:
p* =inf{fo(x) | fi(x) <0, i=1,...,m, hi(z) =0, i=1,...,p}

e p* = oo if problem is infeasible (no x satisfies the constraints)

e p* = —oo if problem is unbounded below



Optimal and locally optimal points

x is feasible if x € dom fp and it satisfies the constraints
a feasible z is optimal if fo(2z) = p*; X,pt is the set of optimal points

x is locally optimal if there is an R > 0 such that = is optimal for

minimize (over z) fo(2)

subject to fi(2) <0, i=1,....,m, hi(z)=0, i=1,...

z—zls <R

examples (withn =1, m =p=0)

o fo(r) =1/, dom fy = R,.: p* =0, opt.value notachieved

o fo(xr)=—logz, dom fh =R, : p* = —o0 unbounded below

o fo(r) =xlogz, dom fy =R, : p* = —1/e, x = 1/e is optimal unique opt.
o fo(z) = 2> — 3z, p* = —00, local optimum at 2 = 1 local opt. # global op.
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Implicit constraints

the standard form optimization problem has an implicit constraint

m p
r €D = ﬂdomfi a ﬂdomhi,
i=0 i=1
e we call D the domain of the problem
e the constraints f;(z) < 0, h;(z) = 0 are the explicit constraints

e a problem is unconstrained if it has no explicit constraints (m = p = 0)

example: )
minimize fo(z) = — >/, log(b; — al'x)

)

is an unconstrained problem with implicit constraints a!'z < b;



Feasibility problem

find x
subject to  fi(z) <0, i=1,....m
h(x)zo i=1,....p

can be considered a special case of the general problem with fy(z) =0

minimize 0

e p* = 0 if constraints are feasible; any feasible x is optimal

e p* = oo if constraints are infeasible



Convex optimization problem

standard form convex optimization problem

minimize  fo(2)
subject to fz(:z:) i=1,....,m
a:r—bz, 1=1,...,p

e fo, f1, ..., fm are convex; equality constraints are affine

e problem is quasiconvex if fj is quasiconvex (and f1, ..., fm convex)

often written as

minimize  fo(x
subject to  f;(x

)
) <0, i=1,...,m
Ar =b

important property: feasible set of a convex optimization problem is convex
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Local and global optima

% any locally optimal point of a convex problem is (globally) optimal

proof: suppose z is locally optimal, but there exists a feasible y with

fo(y) < fo(x)

x locally optimal means there is an R > 0 such that

z feasible, |z -2l <R = fo(2) > fo(2)

consider z = Oy + (1 — 0)x with § = R/(2|ly — z||2)
o |ly—z|a >R, s00<0<1/2
e 2 is a convex combination of two feasible points, hence also feasible

e ||z— 2|2 = R/2 and

fo(2) < 0fo(y) + (1 = 0) fo(x) < fo(2)

which contradicts our assumption that x is locally optimal



Optimality criterion for differentiable f;

% 2 is optimal if and only if it is feasible and

Vfolx)'(y —x) >0 for all feasible y

Proof: use first-order condition of the convex functions

if nonzero, V fo(x) defines a supporting hyperplane to feasible set X at z
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Optimality criterion for differentiable f;

unconstrained problem: z is optimal if and only if  prgctice: prove the
optimality criterion
for convex opt.
problems

r € dom fo, Vfo(x) =0

equality constrained problem
minimize fo(z) subjectto Ax =0
x is optimal if and only if there exists a v such that

r € dom fy, Ax = b, Vi(z)+ATv =0

minimization over nonnegative orthant
minimize fo(x) subjectto x>0

x is optimal if and only if

>~
z € dom fo, z =0, { Vio(x)i=0 2;>0 10



example

Example 4.5 Unconstrained quadratic optimization. Consider the problem of mini-
mizing the quadratic function

fo(x) = (1/2)xTPa: + qTa: + 7,

where P € S (which makes fo convex). The necessary and sufficient condition for
x to be a minimizer of fo is

Vfo(x) = Pr+q=0.

Several cases can occur, depending on whether this (linear) equation has no solutions,
one solution, or many solutions.

o If ¢ € R(P), then there is no solution. In this case fo is unbounded below.

e If P > 0 (which is the condition for fo to be strictly convex), then there is a
unique minimizer, z* = —P ™ 'q.

e If P is singular, but ¢ € R(P), then the set of optimal points is the (affine) set
Xopt = —PTq 4+ N(P), where P' denotes the pseudo-inverse of P (see §A.5.4).
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Equivalent convex problems

Two problems are equivalentif the solution of one is readily
obtained from the solution of the other, and vice-versa
The transformations preserve convexity (Chap 4.2.4)
* Eliminatingequality constraints
Introducing equality constraints
Introducingslack variables for linear inequalities
Epigraph form
Minimizing over some variables



Linear program (LP)

minimize ¢z +d
subject to Gax X h
Ax =10
e convex problem with affine objective and constraint functions

e feasible set is a polyhedron

* More examplesin Chap 4.3
* Linear fractional program : transform to LP
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Quadratic program (QP)

minimize  (1/2)2" Pz +q¢"2 +r
subject to Gz <X h
Ax =0

e P €S, so objective is convex quadratic

e minimize a convex quadratic function over a polyhedron

/ / //
! / / /’, *
" = Vio(z")
‘l" I' /

* More examples in Chap 44
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Geometric programming
monomial function
f(z) = cx{tay? - adn, dom f =R |
with ¢ > 0; exponent a; can be any real number

posynomial function: sum of monomials

K

f(x) = Z eyt .. pink, dom f =R
k=1

geometric program (GP)

minimize  fo(x)
subject to  f;(z) <

with f; posynomial, A; monomial

n

++
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Geometric program in convex form

change variables to y; = log x;, and take logarithm of cost, constraints

e monomial f(x) = cx{'--- 2% transforms to

T

log f(e"',....e"")=a y+b (b =logc)

e posynomial f(z) = ZAK | CRx R sk - annk transforms to
K T
log f(e¥,...,e"") = log (Z ek y+b’~‘> (b, = log cy,)
k=1

e geometric program transforms to convex problem

minimize  log fo:l exp(ad,y + bOk))
subject to log fo:l exp(a;-l,;y + bzk)) <0, 72=1,...,m
Gy+d=0
* More examplesin Chap 4.5
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