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Review of Convex Function

 Definition ( often simplified by restricting to a line)
* First order condition: a global underestimator
e Second order condition

e Operations that preserve convexity
* Nonnegative weighted sum
* Composition with affine function
Pointwise maximum and supremum

Composition
Minimization See Chap 3.2, try to prove why the convexity

is preserved with those operations.

Perspective



Epigraph

* a-sublevel set of f:R™ - R
C,={xedomf]| f(x) < a}

sublevel sets of a convexfunction are convexfor any value of «.

* Epigraph of f: R™ — R is defined as
epi f ={(x,t)|x edom f, f(x) <t} € R**1

epi f

* A function is convexiff its epigraph is a convex set.



Relation between convex sets and convex functions

* A function is convexiff its epigraph is a convex set.

* Consider a convexfunction f andx,y e dom f
> f(x) + 7f () (v = )
epi f First order condition for convexity

* The hyperplane supports epi f at (x, f(x)), for any

(y,t) Eepif =
Vf) " (y—x)+ fx)—t <0
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Supporting hyperplane, derived
z, f(2)) from first order condition

(Vf(x),—1) 5



Pointwise Supremum

* Ifforeachy € U,f (x,y): R™ = Ris convexin x, then function
g(x) = sup f(x,y)

yeU

IS convexin X.
* Epigraph of g(x) is the intersection of epigraphs with f and set U
epi ) :nyEU epi f( ;)7)

knowing epi f(-,y) is a convexset (f is a convexfunction in x and regard
y as a const), so epl g is convex.

* An interesting method to establish convexity of a function: the pointwise
supremum of a family of affine functions. (ref. Chap 3.2.4)



Conjugate Function

* Given function f: R"™ = R, the conjugate function

f*) = sup y'x —f(x)

xedom f

* The dom f* consists y € R™ forwhich sup y’x — f(x) is bounded
xedom f
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. Supportinghyperplane:if f is convexin that domain

, (ﬁ,f()’?)) where VfT (%) = y if f is differentiable
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Theorem: f*(y) is convex even f(x) is not convex!

(Proof with pointwise supremum)
yI'x — f(x)is affine functionin 'y



Examples of Conjugates

* Derive the conjugatesof f:R = R

ffy)= sup yx — f(x)

xedom f

Affine A @) =as- f*(y):{fo fy=a b 1) = (1/20)y2
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See the extension to domain R™
\/ ‘ | in Example 3.21
> 3 |

0 . 1 0 1

<V




Examples of Conjugates

* Log-sum-exp: f(x) =log(ZiL,e*)),x € R™. The conjugate is
f*)= sup y'x —f(x)

xedom f
Since f(x) is differentiable, first calculate the gradient of g(x) = y'x — f(x)
Z
Vg(X) = — ITZ
whereZ = [e*1, .- e*n]T The maximum of g(x) is attained at Vg(x) = 0,
Z
so thaty = T -
Vi = Z{‘zlexi'l =1,..,n

Does the bounded supremum (not — ) exist for all y € R™ ?



Examples of Conjugates

Does the bounded supremum (not — ) exist for all y € R™ ?

eXi

* If y; <0, thenthe gradienton V;g = y; — S % < 0 forall x; € R. Then

g(x) reaches maximum at o at x — —oo, Slo y 0.

Z

» To have y = ——solvable, we notice that 1"y = 1" jz = 1.

If 17y #= 1and y = 0, we choose x = t1 s.t.
gx)=y"x — f(x) =ty"1 —logne’
=t(y'1—-1) —logn
g(x) reaches maximum at co when we let t — co(—0), which is not
bounded.

n : T, —
* The conjugate function f*(y) = {Zi=13’i logy; if1'y =1 a'?d y#0
00 otherwise



