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Functions and Related Properties

* For f: A = B we say that f is a function on the set dom f € Ainto
the set B.

* f:R™ — R™ means that the function maps some n-vectors into m-vectors;
the dom f is a subset of R™ but not necessarily covers the whole space.

* Continuity

« Afunction f:R"™ - R™ is continuousat x € dom f if forall € > 0 there
exists a 0 such that

yedomf, |ly—xl[,<8=|If()—fMI|, <e
 Closed function

* Afunction f:R™ — R isclosed if for each a € R, the sublevel set
{xedomf|f(x)<a}
is closed.

* Open and closed set: a set C isopen if C = int C; aset C € R™ is closed if its
complement R™\C is open.



Derivative and Gradient

« Suppose f: R™ - R™ and x € intdom f. The function f is differentiable at x if
there exists a matrix Df (x) € R™*™ that satisfies

co @ = @) - DF@)( - x)||

zedom f,z#x,z—x | |Z — x| |2

= 0.

- First-order approximation
We call Df(x) the derivative (Jacobian) of f at x where

a .
Df(x);j = hi(#)

an

, 1=1,..,m, j=1,..,n

* The function f is differentiable if dom f is open, and differentiableat Vx € dom f.

* Gradient: transpose of derivative (row -> column)
Vf(x) =Df(x)"
first-order approximation £ (x) = f(x) + Vf(x)T(z — x)



Derivative and Gradient

* Suppose f: R™ — R and second-order differentiable

— af - - azf azf -
6_x1 @ 0x,0x,
Gradient: Vf(x) =| : | HessianVf(x) =| : 3 :
of d°f d°f
L0xp - 9x,0x, ox2 |

second-order approximation
. 1
) = F) +VFCIT (2= %) +5 (2 = DTP2f (0)(z = %)
Example: calculate the gradient and Hessian of a quadratic function f(x) = %xTPx +
q'x +r, where P € S™,qg € R™,r €R.
derivative Df (x) = x'P + q', gradient Vf(x) = Px+ q
Hessian V?f(x) = DVf(x) = P



Chain Rule

* Suppose f: R™ - R™ is differentiable at x € int dom f and g: R™ — RP is
differentiable at f(x) € int dom g. Define the composition h: R" —
RP h(x) = g(f(x)). Then h is differentiable at x

Dh(x) = Dg(f (x))Df(x)

Example: prove the convexity of g(x) = f(Ax + b) with dom g = {x|Ax +
b € dom f}. Itis a composition with affine function discussed in class.

By the chain rule: Dg(x) = Df(Ax + b)A
the gradient Vg(x) = ATV f(Ax + b)
the Hessian V2g(x) = DVg(x) = AT'V%f(Ax + b)A



Definition of Convex Functions

* A function f: R™ — R is convexif dom f is a convexset and if for all
x,y€Edomfand0<6<1 _
f(6x+ (1= 6)y) < Of(x) + (1= 0)f (y) ometimes caled

: , o Jensen’s inequality
* Review the proofin class: necessary and sufficiency

e Strict convexity:f(Ox+ (1 —-0)y) < 0f(x)+ (1 —-0)f(y),x +
y,0<0<1

* Concave functions: —f is convex

Ox + (1 —0)y6f(x) + 1 -0)f ()




Example: convexity of functions with definition

3.4 [RVT73, page 15] Show that a continuous function f : R™ — R is convex if and only if for
every line segment, its average value on the segment is less than or equal to the average
of its values at the endpoints of the segment: For every z, y € R",

[ 1o ry - < L0410

i.  Necessary: suppose f isconvex, then f satisfiesthe basicinequality

flx+A0 =) < f) + AU ) = f(x))

for0 < A1 < 1. IntegratingbothsidesfromOto1onA

1 1
[ e +20-0)ars [ 10 +a(r0) - ) ar =L T
0 0

ii. Sufficiency: suppose f is not convex, then there exists 0 < 4 < 1 and

fx +20 =) > £+ AfO) - F))

thereexista,f € [0,1] so thatintheinterval [a, f] theabove

(v, f())

(z, f())
inequality always holds, which contradicts the given inequality.



First-order Condition

* Suppose f is differentiable (dom f is open and Vf exists at Vx € dom f),
then f is convexiff dom f is convexand forall x,y € dom f

f) = f)+ V)" (y—x)
* Review the proofin class: necessary and sufficiency
e Strict convexity: f(y) > f(x) + Vf(x) ' (y—x),x £y
* Concave functions: f(y) < f(x) + Vf(x)T (y — x)
f(y)

f(x)+ Vi) (y—2x)

a global underestimator

(z, f(x))



Second Order Condition

* Suppose f is twice differentiable (dom f is open and its Hessian
exists at Vx € dom f), then f is convexiff dom f is convexand for all
x,y € dom f

V2f(x) = 0 (positive semidefinite)
e Review the proofin class: necessary and sufficiency
e Strict convexity:V4f(x) > 0

« Concave functions: V%f(x) < 0



Example of Convex Functions

e (Quadratic over linear function

Its gradient Vf(x) =

Hessian V2f(x) =

Positive semidefinite? [_yx] [—yx

||vTu||§ > 0.

2

X
f(x,y) =7,fory> 0

Of o -
ax| | v
of| — |—=x
oyl Lyz

- 92 f 92 f -

ax2 dxdy
0% f 0% f
Ldydx  0y?2 |

>= 0 = convex

_ 2 [y? —xy]
¥ l—xy x?

T

,foranyu € R, ulf (wvvDu = wTw)T(wTu) =



Restriction of a convex function to a line

 Afunction f: R™ — R is convexif and only if the function g: R — R,
g(t) = f(x + tv), dom g = {t| x + tv € dom [}

is a convexon its domain for Vx € dom f,v € R™.
* The property can be useful to check the convexity of a function

Example: Prove f(X) = logdet X ,dom f = S}, is concave.



Restriction of a convex function to a line

Example: Prove f(X) = logdetX,dom f = S, is concave.

Consideran arbitrary line X = Z + tV, where Z € SI',,V € S™. Define g(t) =
f(Z + tV) and restrict g to the interval values of t for Z + tV > 0. We have

1 11
g(t) =logdet(Z + tV) =log det(Zf(I + tZ_fVZ_?)Zl/Z)
n

» The property of eigenvalues — Z log(1+tA;) +logdet”Z
detAd = H?zl Ai —1 g( l) g
1=

1 1
where A; are the eigenvaluesof Z 2VZ 2.So we have

n A n
/ — l I —
g (t) Zlﬂfh' g'(t)
1=

f(X) is concave. For more practice, see Exercise 3.18.

2
i ~<0
— (1+ &)

l



Extension of Jensen’s Inequality

* The basic inequality can be extended to convex combinations of more
than two points.

f(O1x; + -+ 0kxy) <0, f(x1) + -+ O f(xg)
if f is convexxq,...,x, €Edomf,0,,..,0, =0and 8; + ---+ 0, = 1.
* Consider infinite sums and integral

f ( L p(x)xdx> < L p(x)f (x)dx

wherep(x) = 0onS S domf, |, p(x)dx = 1.
m) Example with expectation from class f(Ex) < Ef(x)



Operations that preserve convexity

Practical methods for establishing convexity of a function
* Verify definition ( often simplified by restricting to a line)
* For twice differentiable functions, show V4f(x) = 0

* Show that f is obtained from simple convexfunctions by operations
that preserve convexity (Ref. Chap. 3.2)
* Nonnegative weighted sum
 Composition with affine function
Pointwise maximum and supremum
Composition
Minimization
Perspective



