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Functions and Related Properties
• For 𝑓: 𝐴 → 𝐵 we say that 𝑓 is a function on the set dom	𝑓 ⊆ 𝐴 into
the set 𝐵.
• 𝑓:𝑅, → 𝑅- means that the functionmaps some n-vectors intom-vectors;

the dom	𝑓	is a subset of 𝑅, but not necessarily covers the whole space.
• Continuity
• A function 𝑓:𝑅, → 𝑅- is continuousat 𝑥 ∈ dom	𝑓	if for all 𝜖 > 0 there

exists a 𝛿 such that
𝑦 ∈ dom	𝑓, 	 𝑦 − 𝑥 7 ≤ 𝛿 ⇒ 𝑓 𝑦 − 𝑓 𝑥 7 ≤ 𝜖	

• Closed function
• A function 𝑓:𝑅, → 𝑅 is closed if for each 𝛼 ∈ 𝑅, the sublevel set

𝑥 ∈ 𝑑𝑜𝑚	𝑓	 	𝑓 𝑥 ≤ 𝛼}
is closed.

• Open and closed set: a set 𝐶 is open if 𝐶 = 𝐢𝐧𝐭	𝐶; a set 𝐶 ∈ 𝑅, is closed if its
complement𝑅,\𝐶 is open.
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Derivative and Gradient
• Suppose 𝑓: 𝑅, → 𝑅- and 𝑥 ∈ int	dom	𝑓. The function 𝑓 is differentiable at 𝑥 if
there exists a matrix 𝐷𝑓 𝑥 ∈ 𝑅-×, that satisfies

lim
K∈LMN	O,KPQ,K→Q

||𝑓 𝑧 − 𝑓 𝑥 − 𝐷𝑓(𝑥)(𝑧 − 𝑥)||
𝑧 − 𝑥 7

= 0.

We call 𝐷𝑓 𝑥 the derivative (Jacobian)of 𝑓 at 𝑥 where

𝐷𝑓 𝑥 WX =
𝜕𝑓W(𝑥)
𝜕𝑥X

, 𝑖 = 1, … ,𝑚, 𝑗 = 1,… , 𝑛.

• The function 𝑓 is differentiable if dom	𝑓 is open, and differentiable at ∀𝑥 ∈ 	dom	𝑓.

• Gradient: transpose of derivative (row -> column)
𝛻𝑓(𝑥) = 𝐷𝑓 𝑥 a

first-order approximation𝑓b 𝑥 = 𝑓 𝑥 + 𝛻𝑓 𝑥 a(𝑧 − 𝑥)
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Derivative and Gradient
• Suppose 𝑓: 𝑅, → 𝑅 and second-order differentiable

Gradient: 𝛻𝑓(𝑥) =

dO
dQe
⋮
dO
dQg

, Hessian 𝛻7𝑓(𝑥) =

dhO
dQe

h ⋯ dhO
dQedQg

⋮ ⋱ ⋮
dhO

dQgdQe
⋯ dhO

dQgh

second-order approximation

𝑓b 𝑥 = 𝑓 𝑥 + 𝛻𝑓 𝑥 a 𝑧− 𝑥 +
1
2 𝑧 − 𝑥 a𝛻7𝑓(𝑥)(𝑧 − 𝑥)

Example: calculate the gradient and Hessian of a quadratic function 𝑓 𝑥 = l
7 𝑥

a𝑃𝑥 +
𝑞a𝑥 + 𝑟, where 𝑃 ∈ 𝑆,, 𝑞 ∈ 𝑅,, 𝑟 ∈ 𝑅.
derivative𝐷𝑓 𝑥 = 𝑥a𝑃 + 𝑞a, gradient 𝛻𝑓 𝑥 = 𝑃𝑥 + 𝑞
Hessian 𝛻7𝑓(𝑥) = 𝐷𝛻𝑓 𝑥 = 𝑃
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Chain Rule
• Suppose 𝑓: 𝑅, → 𝑅- is differentiable at 𝑥 ∈ int	dom	𝑓 and 𝑔: 𝑅- → 𝑅r is
differentiable at 𝑓(𝑥) ∈ int	dom	𝑔. Define the composition ℎ: 𝑅, →
𝑅r	ℎ 𝑥 = 𝑔 𝑓 𝑥 . Then ℎ is differentiable at 𝑥

𝐷ℎ 𝑥 = 𝐷𝑔 𝑓 𝑥 𝐷𝑓(𝑥)

Example: prove the convexity of 𝑔 𝑥 = 𝑓(𝐴𝑥 + 𝑏) with 𝑑𝑜𝑚	𝑔 = 𝑥 𝐴𝑥 +
𝑏 ∈ 𝑑𝑜𝑚	𝑓}. It is a compositionwith affine function discussed in class.

By the chain rule:𝐷𝑔 𝑥 = 𝐷𝑓 𝐴𝑥 + 𝑏 𝐴

the gradient 𝛻𝑔 𝑥 = 𝐴a𝛻𝑓(𝐴𝑥 + 𝑏)

the Hessian 𝛻7𝑔 𝑥 = 𝐷𝛻𝑔 𝑥 = 𝐴a𝛻7𝑓 𝐴𝑥 + 𝑏 𝐴
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Definition of Convex Functions
• A function 𝑓: 𝑅, → 𝑅 is convex if dom	𝑓 is a convex set and if for all
𝑥, 𝑦 ∈ dom	𝑓 and 0 ≤ 𝜃 ≤ 1

𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≤ 𝜃𝑓 𝑥 + 1− 𝜃 𝑓(𝑦)
• Review the proof in class: necessary and sufficiency

• Strict convexity:𝑓 𝜃𝑥 + 1− 𝜃 𝑦 < 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓 𝑦 , 𝑥 ≠
𝑦, 0 < 𝜃 < 1
• Concave functions:−𝑓 is convex
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sometimes called
Jensen’s inequality

(𝜃𝑥 + 1 − 𝜃 𝑦, 𝜽𝒇(𝒙) + 𝟏 −𝜽 𝒇(𝒚))



Example: convexity of functions with definition
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i. Necessary: suppose𝑓 is convex, then 𝑓 satisfies the basic inequality
𝑓 𝑥 + 𝜆 𝑦 − 𝑥 ≤ 𝑓 𝑥 + 𝜆(𝑓 𝑦 − 𝑓 𝑥 )

for0 ≤ 𝜆 ≤ 1. Integratingboth sides from0 to 1 on 𝜆

~ 𝑓 𝑥 + 𝜆 𝑦 − 𝑥 𝑑𝜆
l

�
≤ ~ 𝑓 𝑥 + 𝜆 𝑓 𝑦 − 𝑓 𝑥 	𝑑𝜆

l

�
=
𝑓 𝑥 + 𝑓(𝑦)

2
ii. Sufficiency: suppose𝑓 is not convex, then there exists0 ≤ 𝜆� ≤ 1 and

𝑓 𝑥 + 𝜆� 𝑦 − 𝑥 > 𝑓 𝑥 + 𝜆�(𝑓 𝑦 − 𝑓 𝑥 )

there exist𝛼,𝛽 ∈ [0,1] so that in the interval [𝛼, 𝛽] the above

inequality alwaysholds,which contradicts the given inequality.
𝜆�

𝛼
𝛽



First-order Condition
• Suppose 𝑓 is differentiable (𝑑𝑜𝑚	𝑓 is open and 𝛻𝑓 exists at ∀𝑥 ∈ 𝑑𝑜𝑚	𝑓),
then 𝑓 is convex iff dom	𝑓 is convex and for all 𝑥, 𝑦 ∈ 𝑑𝑜𝑚	𝑓

𝑓 𝑦 ≥ 𝑓 𝑥 + 𝛻𝑓 𝑥 a(𝑦− 𝑥)
• Review the proof in class: necessary and sufficiency

• Strict convexity:𝑓 𝑦 > 𝑓 𝑥 + 𝛻𝑓 𝑥 a 𝑦− 𝑥 , 𝑥 ≠ 𝑦

• Concave functions: 𝑓 𝑦 ≤ 𝑓 𝑥 + 𝛻𝑓 𝑥 a(𝑦 − 𝑥)

9

a global underestimator



Second Order Condition
• Suppose 𝑓 is twice differentiable (𝑑𝑜𝑚	𝑓 is open and its Hessian
exists at ∀𝑥 ∈ 𝑑𝑜𝑚	𝑓), then 𝑓 is convex iff dom	𝑓 is convexand for all
𝑥, 𝑦 ∈ 𝑑𝑜𝑚	𝑓

𝛻7𝑓 𝑥 ≽ 0 (positive semidefinite)

• Review the proof in class: necessary and sufficiency

• Strict convexity:𝛻7𝑓 𝑥 ≻ 0
• Concave functions: 𝛻7𝑓 𝑥 ≼ 0
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Example of Convex Functions
• Quadratic over linear function

𝑓 𝑥, 𝑦 =
𝑥7

𝑦 , for	𝑦 > 0

Its gradient 𝛻𝑓 𝑥 =
dO
dQ
dO
d�

=

7Q
�
�Qh

�h

Hessian 𝛻7𝑓 𝑥 =
dhO
dQh

dhO
dQd�

dhO
d�dQ

dhO
d�h

= 7
��

𝑦7 −𝑥𝑦
−𝑥𝑦 𝑥7

≽ 0 ⇒ convex

Positive semidefinite? 𝑦
−𝑥

𝑦
−𝑥

�
, for any 𝑢 ∈ 𝑅7, 𝑢a 𝑣𝑣a 𝑢 = 𝑣a𝑢 a 𝑣a𝑢 =

𝑣a𝑢 7
7 ≥ 0.
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Restriction of a convex function to a line
• A function 𝑓: 𝑅, → 𝑅 is convex if and only if the function𝑔: 𝑅 → 𝑅,

𝑔 𝑡 = 𝑓 𝑥 + 𝑡𝑣 , dom	𝑔 = 𝑡 	𝑥 + 𝑡𝑣 ∈ dom	𝑓}

is a convexon its domain for ∀𝑥 ∈ dom	𝑓, 𝑣 ∈ 𝑅,.

• The property can be useful to check the convexity of a function

Example: Prove 𝑓 𝑋 = log det 𝑋 , dom	𝑓 = 𝑆��, is concave.
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Restriction of a convex function to a line
Example: Prove 𝑓 𝑋 = log det 𝑋 , dom	𝑓 = 𝑆��, is concave.

Consider an arbitrary line𝑋 = 𝑍 + 𝑡𝑉, where 𝑍 ∈ 𝑆��, ,𝑉 ∈ 𝑆,. Define 𝑔 𝑡 =
𝑓 𝑍 + 𝑡𝑉 and restrict 𝑔 to the interval values of 𝑡 for 𝑍 + 𝑡𝑉 ≻ 0.We have

𝑔 𝑡 = logdet(𝑍 + 𝑡𝑉) = logdet(𝑍
l
7 𝐼 + 𝑡𝑍�

l
7𝑉𝑍�

l
7 𝑍l/7)

= �log 1 + 𝑡𝜆W

,

W�l

+ logdet 𝑍

where 𝜆W are the eigenvalues of 𝑍
�eh𝑉𝑍�

e
h. So we have

𝑔� 𝑡 = �
𝜆W

1 + 𝑡𝜆W

,

W�l

, 𝑔�� 𝑡 = −�
𝜆W7

1 + 𝑡𝜆W 7

,

W�l

≤ 0

𝑓 𝑋 is concave. For more practice, see Exercise 3.18.
13

Ø The property of eigenvalues
det𝐴 = ∏ 𝜆W,

W�l



Extension of Jensen’s Inequality
• The basic inequality can be extended to convex combinations of more
than two points.

𝑓 𝜃l𝑥l +⋯+ 𝜃�𝑥� ≤ 𝜃l𝑓 𝑥l +⋯+ 𝜃�𝑓(𝑥�)
if 𝑓 is convex𝑥l,… , 𝑥� ∈ dom	𝑓, 𝜃l,… , 𝜃� ≥ 0	𝑎𝑛𝑑	𝜃l + ⋯+ 𝜃� = 1.
• Consider infinite sums and integral

𝑓 ~	𝑝 𝑥 𝑥𝑑𝑥
 

≤ ~	𝑝 𝑥 𝑓(𝑥)𝑑𝑥
 

where 𝑝 𝑥 ≥ 0	𝑜𝑛	𝑆 ⊆ 𝑑𝑜𝑚	𝑓, ∫ 	𝑝 𝑥 𝑑𝑥  = 1.

Example with expectation from class 𝑓 𝑬𝑥 ≤ 𝑬𝑓(𝑥)

14



Operations that preserve convexity
Practical methods for establishing convexity of a function
• Verify definition ( often simplified by restricting to a line)
• For twice differentiable functions, show 𝛻7𝑓(𝑥) ≽ 0
• Show that 𝑓 is	obtained from simple convex functions by operations
that preserve convexity (Ref. Chap. 3.2)
• Nonnegativeweighted sum
• Compositionwith affine function
• Pointwisemaximum and supremum
• Composition
• Minimization
• Perspective
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