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Matrix	and	Vector
• A	vector	𝑥 ∈ ℝ$

𝑥 =

𝑥&
𝑥'
⋮
𝑥$

• A	matrix	𝐴 ∈ ℝ*×$

𝐴 =
𝑎&& ⋯ 𝑎&$
⋮ ⋱ ⋮

𝑎*& ⋯ 𝑎*$

• How	to	solve	a	linear	system		𝐴𝑥 = 𝑏 ⟹
𝑎&& ⋯ 𝑎&$
⋮ ⋱ ⋮

𝑎*& ⋯ 𝑎*$

𝑥&
𝑥'
⋮
𝑥$

=

𝑏&
𝑏'
⋮
𝑏*

?
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Linear	Systems
• Solve	𝐴𝑥 = 𝑏,	equivalent	to	find	the	𝑛 unknown	variables	𝑥&, … , 𝑥$
satisfying	equations

𝑎&&𝑥& + 𝑎&'𝑥' +⋯+ 𝑎&$𝑥$ = 𝑏&
⋮

𝑎*&𝑥& + 𝑎*'𝑥' +⋯+ 𝑎*$𝑥$ = 𝑏*
• The	LHS	defines	a	linear	combination	of	𝐴’s	column	vectors

𝑥&𝑐& 𝐴 + 𝑥'𝑐' 𝐴 +⋯+ 𝑥$𝑐$ 𝐴 = 𝑏
where	𝑐6 𝐴 is	the	𝑖89 column	of	𝐴.
• When	does	the	system	have	a	solution?
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Linear	Systems
• A	necessary	and	sufficient	condition	that	𝐴𝑥 = 𝑏 has	a	solution	is	that		
𝑏 ∈ 𝑆(𝑐& 𝐴 ,… , 𝑐$(𝐴)),	which	is	a	space	in	ℝ* spanned	by	the	
columns	of	𝐴.
• Gaussian	elimination	with	row	operations
• The	solution	won’t	be	changed

𝑎&& … 𝑎&$
𝑥&
⋮
𝑥$

= 𝑏&

⋮

𝑎*& … 𝑎*$
𝑥&
⋮
𝑥$

= 𝑏*
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Linear	Systems
• Excise:	apply	Gaussian	elimination	on	matrix	

𝐴 =
3 2 0
1 0 −2
1 1 1

and	find	the	solution	of	𝐴𝑥 = 𝑏 where		

1) 𝑏 =
1
0
1

2)	𝑏 =
1
−2
1.5

does	solution	exist?

6

𝐴 ⟹
1 0 −2
0 1 3
0 0 0

Case	1)	𝑏 is	not	in	the	space	spanned	by	columns	in	𝐴
Case	2)	the	solution	is	not	unique



Norms
• Given	a	vector	𝑥 ∈ ℝ$,	its	norm	is	given	by	
• Euclidean	norm	(𝐿'-norm):	 𝑥 ' = 𝑥, 𝑥 = 𝑥&' +⋯+ 𝑥$' &/'

• Sum-absolute-value	(𝐿&-norm):	 𝑥 & = 𝑥& +⋯+ |𝑥$|
• Chebyshev	(𝐿G-norm):	 𝑥 G = max6|𝑥6| for	𝑖 = 1, … ,𝑛

• The	vector	norm	satisfies
• 𝑐𝑥 = |𝑐| 𝑥
• 𝑥 = 0 ⟺ 𝑥 = 0
• 𝑥 + 𝑦 ≤ 𝑥 + 𝑦 (triangle	inequality)
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𝑥 = (1,1)

𝑦 = (2,0)

𝑥 + 𝑦 = (3,1)



Matrix	Subspaces
• The	range of	matrix	𝐴 ∈ ℝ*×$ is	ℛ 𝐴 = 𝐴𝑥	|	𝑥 ∈ ℝ$ or	column	
subspace	𝑐𝑜𝑙 𝐴
• Row	subspace	𝑟𝑜𝑤 𝐴 = 𝐴T𝑦	 𝑦 ∈ ℝ*}
• The	nullspace of	𝐴 is	defined	to	be	𝒩 𝐴 = 𝑥	|	𝐴𝑥 = 0
• 𝒩 𝐴 ⊥ 𝑟𝑜𝑤 𝐴
• dim	(𝒩 𝐴 ) + dim	(𝑟𝑜𝑤 𝐴 ) = 𝑛
• Analogy	for	column	space

Excises: what	is	the	range	of	the	matrix	below?	Nullspace?

1)		𝐴 =
1 2 0
0 1 0
0 0 −1

2)		𝐴 =
2 1 −1
1 −1 0
−1 1 0
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Case	1)	𝒩 𝐴 = 0
Case	2)	example	of	nullspace
vector	of	𝐴,	

𝑦 =
1
1
3

∈ 𝒩 𝐴



Rank
• Definition:	the	rank of	any	matrix	𝐴 ∈ ℝ*×$,	denoted	by	𝑟(𝐴),	is	the	
dimension	of	its	row	and	column	subspaces.	
• Properties
• 𝑟(𝐴) ≤ min	(𝑚, 𝑛)
• 𝑟 𝐴 = 𝑟(𝐴T)
• 𝑟 𝐴𝐵 ≤ min 𝑟 𝐴 , 𝑟 𝐵
• 𝑟 𝐴 + 𝐵 ≤ 𝑟 𝐴 + 𝑟(𝐵)
• 𝐴 has	full	rank	if	𝑟 𝐴 = min	(𝑚, 𝑛)
• If	𝑟 𝐴 < min	(𝑚, 𝑛),	then	the	rows/columns	of	𝐴 are	not	linearly	
independent
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Matrix	Inverse
• A	square	matrix	𝐴 ∈ ℝ$×$ is	invertible if	𝑟 𝐴 = 𝑛.
• There	exists	𝐵 ∈ ℝ$×$ so	that	𝐴𝐵 = 𝐼	and	𝐵 = 𝐴k& is	unique
• 𝐴 if	full	rank	and	dim 𝒩 𝐴 = 0.

• Solve	a	linear	system	𝐴𝑥 = 𝑏
• Has	a	solution	for	any	𝑏 ∈ ℝ$ (consistent)
• The	solution	𝑥 = 𝐴k&𝑏 is	unique
• If	𝑏 = 0,	then	𝑥 = 0

Excises: does	the	linear	system	have	unique	solution?

a) 2 −1
1 0 𝑥 = 1

0
b) 1 −1

−1 1 𝑥 = 1
−1
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Yes,	𝑥 = 0
−1

No,	𝑥 = 1
0 +𝒩 1 −1

−1 1
any	nonzero	solution



Determinants
• Let	𝐴 ∈ ℝ$×$,	define	the	determinant of	𝐴 to	be	the	value	

det 𝐴 =l(m𝑎6n(6)) 	 o sgn	𝜎
$

6r&n
where	𝜎 is	a	permutation	of	integers	{1, 2,… , 𝑛} and	

1) Σn denotes	the	sum	over	all	permutations
2) Transposition:	exchange		of	only	two	elements	of	an	ordered	list
3) sgn	𝜎 = sign	of	𝜎 =

u+1, the	number	of	transpositions	to	bring	σ	to	 1,2, … , n is	even−1, the	number	of	transpositions	to	bring	σ	to	 1,2, … , n is	odd		
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Compute	Determinants
• Let	𝐴 ∈ ℝ$×$,	for	any	row	𝑖 and	column	𝑗 of	𝐴 define	the	𝑖𝑗 − 𝑚𝑖𝑛𝑜𝑟

𝑀6{ = det 𝐴 |
6}~	���,{}~	����*$	��*����

1) For	any	fixed	row	𝑘

det 𝐴 =l𝑎�{ −1 ��{𝑀�{

$

{r&

2) For	any	fixed	column	𝑚

det𝐴 = l𝑎{* −1 *�{𝑀{*

$

{r&

Excises: compute	the	determinant	of	
3 2 −1
0 1 3
1 2 −1
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−𝟏𝟒



Determinants
• Let	𝐴 ∈ ℝ$×$,	properties	of	determinant
• If	𝑟 𝐴 < 𝑛,	then	det	𝐴 = 0
• If	𝐴 is	triangular,	then	det	𝐴 = ∏ 𝑎66$

6r&
• If	𝑟 𝐴 = 𝑛,	then	det	𝐴 ≠ 0

• If	𝑨,𝑩 ∈ ℝ𝒏×𝒏,	then	𝐝𝐞𝐭	𝑨𝑩 = 𝐝𝐞𝐭 𝑨𝐝𝐞𝐭 𝑩.
Excises: calculate	the	determinants	of	𝐴, 𝐵, 𝐴𝐵

𝐴 = 2 4
2 1 , 𝐵 = 3 −1

1 −2
• Define	the	adjugate (adjoint)	𝐴�6{ = −1 6�{𝑀{6,	if	𝐴 is	invertible	then	
𝐴k& = &

��� �
𝐴�

Excises: find	the	adjugate and	inverse	of	
2 4
2 1
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𝐴� = 1 −4
−2 2 , det 𝐴 = −6



Eigenvalues
• Let	𝐴 ∈ ℝ$×$,	𝐴𝑥 = 𝜆𝑥 leads	to	det 𝐴 − 𝜆𝐼 = 0.
• If	𝐴 is	symmetric,	then	it	could	be	decomposed	into

𝐴 = 𝑄Λ𝑄T =l𝜆6𝒒𝒊𝒒𝒊𝑻
$

6r&

,

where	𝑄 ∈ ℝ$×$ is	orthogonal which	satisfies	𝑄T𝑄 = 𝐼,	and	Λ =
diag 𝜆&, … , 𝜆$ . Each	vector	𝒒𝒊 is	eigenvector	corresponds	to	eigenvalue	𝜆6 .
• If	𝐴 is	not	symmetric	but	diagonalizable,	then

𝐴 = 𝑄Λ𝑄k&

where	𝑄 is	not	necessarily	orthogonal.
• For	general	𝐴 ∈ ℝ*×$,	singular	value	decomposition	𝐴 = 𝑈Λ𝑉T
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Eigenvalues
• Let	𝐴 ∈ ℝ$×$,	the	properties	of	its	eigenvalues

det𝐴 =m𝜆6

$

6r&

							𝐭𝐫	𝐴 =l𝜆6

$

6r&
• The	largest	and	smallest	eigenvalues	satisfy

𝜆*¥¦ 𝐴 = sup
¦§¨

𝑥T𝐴𝑥
𝑥T𝑥

								𝜆*6$ 𝐴 = inf
¦§¨

𝑥T𝐴𝑥
𝑥T𝑥

Excises: compute	the	eigenvalues,	eigenvectors,	determinant	of	following	matrices.

a) 2 1
1 2

b) 2 1
−1 2
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𝜆 = 1,3, det 𝐴 = 3

𝜆 = 2± 1𝑖, det 𝐴 = 5



• Read	“Convex	Optimization”	Appendix	A	by	Stephen	Boyd	for	more	
relevant	mathematical	background.
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