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Introduction: Overview

Conjugate Gradient is an extension of steepest gradient descent. For
steepest gradient, we step in one direction per iteration. Through the
iterations, we found that the new directions may contain the component of
the old directions and the process walks in zig-zag patterns. For conjugate
gradient, we consider multiple directions simulteneously. Hence, we avoid
to repeat the old directions. In 1952, Hestenes and Stiefel independently
introduced conjugate gradient formula to simplify the multiple direction
search.

Prof. Chung-Kuan Cheng (UC San Diego) CSE291:Topics on Scientific Computation December 1, 2015 3/19



Introduction: Overview

@ Steepest Gradient Descent: We derive the method and properties of
the steepest descent method. We view the steepest descent method
as an one-direction per iteration approach. The method suffers slow
zig-zag winding in a narrow valley of equal potential terrain.

@ Preconditioning: From the properties of the steepest descent method,
we find that preconditioning improves the convergence rate.

@ Conjugate Gradient in Global View: We view conjugate gradient
method from the aspect of gradient descent. However, the descent
method considers multiple directions simultaneously.

@ Conjugate Gradient Formula: We state the formula of conjugate
gradient.

@ Conjugate Gradient Method Properties: We show that the global
view of conjugate gradient method can be used to optimize each step
independent of the other steps. Therefore, the process can repeat
recursively and converge after n iterations, where n is the number of

variables. Finally, we show and prove the property that validates the

ormuid
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Introduction: Formulation

The original problem is to solve a simultaenous linear equation, Ax = b,
where matrix A is symmetric and positive definite. Calculating the inverse
x = A71b can be complicated, e.g. n is huge. To avoid a direct solver, we
formulate the problem with a quadratic convex objective function.

@ Formulation
N 1
minimize EXTAX ~b"x, AeST,

@ Solution: x = A~1p,

@ To avoid direct solvers, use Gradient Descent iteratively to find the
answer.
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Steepest Descent Formula

Given initial kK = 0, x, = x9. We descent one direction per iteration along
the gradient of the objective function.

Derive residual ry = —Vf(xx) = b — Axx

Set xx11 = Xk + airk, where step size ay is derived analytically.

©

©

©

Step size oy = argmingsq f(xi + sri),

;
From %Jrkmk) =0, we have o) = —&%

rkTArk

.
I‘k Iy

rkTArk "k

Repeat the above steps with k = k + 1 until the norm of r, is within
tolerance.

(]

Therefore, we have xx41 = xx +

(]
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Steepest Descent Properties

;
o Formula: xxi1 = Xk + ol = X + —25ry
ry Arg
fecti ; (rd ne)?
o Objective function: f(xk) — f(xk + akr) = Sk 4
k k

o Residual r1 = (I — ayA)re = (1 — 62 Ay,
rk r
Proof:

rks1 = b — Axp1 = b — A(xk + akri)
= rx — akArk = (/ — akA)rk

@ Property of the next direction: ri41 L rg

. T T () n)? _
Proof: r/ ey =r (I — A A)ry = 0.
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Steepest Descent: Convergence

@ We denote x = x* + e, where x* is the optimal solution and e is the
error that we try to reduce.

@ We try to decrease the residual so that e can be reduced.

rk:b—Axk:b—Ax*—Aek:—Aek
As r— 0, e = 0.
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Gradient Descent: Preconditioning

We want to reduce the residual ry = —Aey.
o Let e, = > 7 ; &vi, where v; are the eigenvectors of A,
Vi=1,2,....n
@ Then, we have ry = —Aex = — Y7, \i&jvj, where \; are the

eigenvalues of A.
@ Thus, the next residual becomes

I’Tl’k
r =(1-—=£,A)r
o < ! Ar > :

Suppose that all eigenvalues are equal, i.e. )\,- = )\, Vi. We have

rk+1 = *AZ&V; Z' 1?2)\22§,V1 =0
i=1 i=1 i=1

December 1, 2015 9 /19

Prof. Chung-Kuan Cheng (UC San Diego) CSE291:Topics on Scientific Computation



Gradient Descent: Preconditioning

o Vi(x)=Ax—b=0=Ax=b>
@ Preconditioning: To transform Ax = b into another system with more
favorable properties for it to be iteratively solved

@ With the preconditioner M, M~1Ax = M~1b (e.g. incomplete LU
scaling)
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Conjugate Gradient: Descent with Multiple Vectors

For conjugate gradient, we consider multiple vectors Vi = [vo, v1,. .., V]
in stage k.
o Let xxy1 = xx + Viy, where y = [y1,yo,...,yk]" is a vector of

parameters. We can write Viy = Zf:l Yivi.
@ To minimize f(xk+1), the solution is y = (V,] AVk) "1V, ry.
Therefore, Xk+1 = Xk + Viy = x¢ + Vk(VkTAVk)_l VkTrk.
Proof: To minimize f(xx41), we want V, f(xx41) = 0.
We have

1
¥, o) = ¥, 505+ Vi) A+ Vi) = 7o+ Vi) |

= VAV + VA — V] b=V AV,y — V] =0
=y =(V/AV) V] n.
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Conjugate Gradient: Multiple Vector Optimization

For the descent on multiple directions, we have the following properties.
@ Function: Since y = (V,] AVi)~1V/T 1, we have
1
f(Xi1) = Fxi) + EyTVkTAka +y Vi (Ax = b)
1 _
= f(xk) — Er[ Vi(Vil AV 2V e
@ Residual:

fep1 = b — Axip1 = b — Alxi + Vi(V AV VT ry)
= (I = AV (V] AV) TV ).

@ Property A: ry11 L Vi. The proof is independent of the choice of V.

Proof:V, riy1 = VI (I — AV (V. AV )TV )i
=(Vd =V =0

Prof. Chung-Kuan Cheng (UC San Diego) CSE291:Topics on Scientific Computation December 1, 2015 12 /19



Global Procedure in Matrix Form V,

Through iterations, we want to increase the size of matrix
Vi = [vo, vi,. .., vk] to Vi1 by adding a new vector v at the last
column for iteration k + 1.
Initial k =0,vg = rg = b — Axg.
Repeat:
@ Update x,y1 = xx + Vk(VkTAVk)_1 VkTrk and ri1 = b — xkq1.
@ Exit if the norm of ry, 1 < tolerance.

@ Derive vi41 as a function of rxy1 and Vi (to be described in CG
formula).

@ Construct Vi1 by appending vi41 to the last column of V.

o k=k+1.
Property B (independent of the choice of vi): According to the procedure,
we have V[ r, =[0,...,0,v/ r]T.
Proof: From Property A, we have V|| ;ri =0, thus
Viine=10,...,0,v/r]T.
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Conjugate Gradient: Wish List

We hope that VT AV = D = diagd; is a diagonal matrix. In this case, we
call that the vectors v; in V' are mutually conjugate with respect to matrix

A.

J

&

If VT AV = D = diagd;, we have d; = vI-TAv,-

Therefore, we have xx11 = xx + Vk(VkTAVk)_1 VkTrk =

xx + ViD7L0,...,0, vark]T = xx + akvk (Property B), where
_ VTI‘k

Ok = vakAvk

Hopefully, for the new matrix Vi1, the conjugate property remains
to be true. Then, we can repeat the steps by increasing k = k + 1.
When k = n— 1, we have r,] V,,_1 = 0 (property A). The last residual
r, = 0, since matrix V,,_1 is full ranked. Thus, we have the solution
X, = x*.
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Conjugate Gradient Descent Formula

Given xp, we set initial: k=0, vk = r, = b — Axp.

vTrk rTrk
) Xk+1 = Xk —i—O(ka, Where Q) = VfAVk (: VfAVk)'

9 i1 = b— AXk—H =b-— AXk — akAvk = Iy — OckAVk.
T T
— 1 Mgt Mgkl
® Vi1 = rkg1 + Brt1vk, where B 1 = 2+ A =
@ Repeat the iteration with kK = k + 1 until the residual is smaller than
the tolerance.

Lemma: vark = rkTrk.

Proof: From Property A, we have vark = (re + Brvi—1) Tre = r,;rrk.
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Validation of the Properties

Theorem: The solution xk41 of the conjugate gradient formula is
consistent with the global procedure, i.e. vectors v; produced by the
formula are mutually conjugate. The consistence is based on the following
three equalities.

@ Property A: r,-TvJ- =0,Vi>j.

@ Residuals: riTrJ- =0,Vi>j.

@ Conjugates: v,-TAvJ- =0,Vi>j.
Proof: We prove the three equalities by induction. For the case when
index i = 1, we have

@ Property A: i vo =0

@ Residuals: rlTro =0 (rn=w)

@ Conjugates:

VlTAVO = (r1 + 51 Vo)TAVO = rlTAVo + b1 VOTAVO
T
T ro _ r]_ 1 rl r]_ T T
=r — Vo Avg =0 (B v =0,rp = v
1 ( " ) o vl Avg 0 A0 (i vo=0,r0 = w)
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Validation of the Wish List

Proof by induction (continue): Suppose that the statement is true up to
index i = k. By assumption of the three equalities, the conjugate gradient
formula is consistent with the global procedure up to xx11 = Xk + Qe vk.
When index is i = k + 1, we have

@ Property A: rkT+1 Vik=0

@ Residuals: rkT+1rj = rkT_H(vJ- — Bjvj-1) =0,Vj < k

o Conjugates:

Case j = kv 1 Avk = (ries1 + Braavi) T Avi = rf 1 Avic + Brga vyl Avi

-
_,T (fk—fk+1) 1 Ntk
k+1 [67% [(67% VIZ—AV/(

=0 (rlir =0).

v/ Av

Case j < k:vaJrlAvj = (res1 + Bk_,_lvk)TAvj- = rkTHAvJ-
=i+ .
=l (Z—12)=0,¥ < k.
Qj
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We view the conjugate gradient method as an extension from
one-direction descent of steepest gradient method to multiple-direction
descent. From the global procedure of the multiple vector search, we can
derive the basic properties of the optimization. The optimization result
shows that the inversion of VT AV is one main cause of the zig-zag
winding of the steepest descent approach. The formula of conjugate
gradient method transforms the product VT AV into a diagonal matrix and
thus simplifies the optimization procedure. Consequently, we can achive
the desired properties and the convergence of the solution.
Acknowledgement: The note is scribed by YT Jerry Peng for class
CSE291, Fall 2015.
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