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Today's learning goals  spersecion 4

Explain the limits of the class of regular languages

Justify why the Pumping Lemma is true
Apply the Pumping Lemma in proofs of nonregularity

|dentify some nonregular sets



Counting languages

How many languages over {0,1} are there?

% Finitely many because {0,1} is finite.
< Finitely many because strings are fini
Countably infinitely many because@is countably
infinite.
Uncountably many because languages are in the power

SO e g < PUL51T]

None of the above.



Counting regular languages oe o1

| { reqular languages} | < | { regular expressions } |

Each regular expression is a finite string over the alphabet
{O,1,£,@,(,),U,*}

The set of strings over an alphabet is countably infinite.

Conclude: countably infinitely many regular languages.



\Where we stand

Fact 1: There exist nonregular languages.

Fact 2: If we know some languages are nonregular, we can
conclude others must be too. (cf. Discussion)

But, we don't have any specific examples of nonreqular
languages.

Yet.



Proving nonregularity

How can we prove that a set is non-regular?

Try to design a DFA that recognizes it and, if the first

few attempts don't work, conclude there is none that
does.

Prove that it's a strict subset of some regular set.
Prove that it's the/Gnion~af two regular sets.

omplement Js not regular.

| don't know.




Bounds on DFA

iIn DFA, memory = states

Automata can only "remember”...

...finitely far in the past
...finitely much information

If a computation path visits the same state more than
once, the machine can't tell the difference between the
first time and future times it visited that state.



Example!
{On1n | n > O}: ?EI 0 ’.()()l\’ OOOIH/ E

n_n X
What are some strings in this set? f oI V‘?_og < (,(O*I )
What are some strings not in this set?

Comparet: ?i, 0, 69, ©00, .- -

Design a DFA? NFA? Cfl,DOIJO‘OOI) .-

' l’ [N - ~ ,3
“\/ l,)
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Example! Yo"
{0"" | n=20)

for|o¢ ¢ 75|

What are some strings in this set?
What are some strings not in this set?
Is this set finite or infinite?

Compare to L(0°1)
Design a DFA? NFA?




. L
Pumping

- Focus on computation path through DFA



Pumping

Focus on computation path through DFA




. L
Pumping

- Focus on computation path through DFA

|dea: if one long string is accepted,
then many other similar strings have to be accepted too



Pumping Lemma

If A is a regular language, then there

Sipser p. 78 Theorem 1.70

is a number p (the pumping length) where,

if s is any string in A of length at least p,

then s may be divided into three pieces,

S=TY 2

e |y| >0, and
e for each i > 0, zy'z € A,

o |zy| <p.

such that



Pumplng Lemma Sipserp. 78 Theorem 1.70

If A is a regular language, ¥hen there # states in DFA ,
" is a number p (the pumping length)|where recognizing A
if s is any string in A of length at least p,

then s may be divided into three pieces, |s = x y z | such th@
¢ |y| > O,’and ~

> ) Transition labels )
e for each i > 0, zy'z € A, C along loop

[ . e —

o |zy| <p. ‘rg
Qe

e




Pumping Lemma

If A'is recognized by DFA M with state diagram below,
the computation of M on any string s of length >= p 5 |Q|

X must have glogp. Divide s into the strings
labelling the path before the loop x,

the loop itself y , and
from the loop to the accept state z



Pumping Lemma

If A is recognized by DFA M with state diagram below,
the computation of M on any string s of length >=p = |Q|

must have a loop. Divide s into the strings
labelling the path before the loop x,

the loop itself y , and
from the loop to the accept state z

O

ich of the following is true?
A. Ixy| <=p D. All of A,B,C
B.ly|>0

E. None of them

C. xy'z is accepted by M for all i

/




Pumping Lemma

True for all (but not only) regular sets.

Can't be used to prove that a set is regular
Can be used to a prove that a set is not regular ... how?

A }5 rey,\}.r _— ?“Mr.'m) lma 'S N
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Negation flash-back to CSE 20 ©

Pumping lemma ""There is p, where p is a pumping length for L"
Given a specific number p, it being a pumping length for L means

Vs ((|s| > pAse€L)— JaxTydz (s =zyz Aly| > 0A|zy| < p AVi(zy'z € L)))

So p not being a pumping length of L means
s (|s| > pAs € LAVzZVYYz ((s = zyz A ly| > 0 A |zy| < p) — Fi(zy'z ¢ L)))



Proof strategy

To prove that a language L is not regular

Consider arbitrary positive integer p.
Prove that p isn't a pumping length for L.

Conclude that L does not have any pumping length and is
therefore not regular.



. L
Using the Pumping Lemma

Claim: The set L ={0"1" | n =2 0} is not regular.
Phn F>O. [« ¥ S';OP]PGL



Using the Pumping Lemma

Claim: The set L = {0"1" | n = 0} is not regular.
Proof: Consider an arbitrary positive integer. WTS p is not
a pumping length for L.

How? Want to show that there is some string that *should*
be pump'able but isn't.



Using the Pumping Lemma

L={0"1"| n =0} p is not a pumping length for L.
How would you prove the claim?

Find a string with length >= p that is not in L.

Find a string with length <p that is in L.

None of the above.

s (|s|] > pAs e LAVZVYYz ((s =zyz Ayl > 0 A |zy| < p) — Ji(zy'z ¢ L)))



Using the Pumping Lemma

L ={0""|n =0} p is not a pumping length for L.
WTS
s (|s|] > pAs e LAVZVYYz ((s =zyz Ayl > O A |zy| < p) — Ji(zy'z ¢ L)))
D
Find a string s such that S = OP \l
s|>=p
sisinL

No matter how we cut s into three (viable) pieces, some
related string obtained by repeating the middle part falls out
of L.



Using the Pumping Lemma

Claim: The set L = {0"1" | n 2 0} is not regular.

Proof: Consider an arbitrary positive integer. WTS p is not a
pumping length for L.

Consider the string

s = OP1P,

7

?7 e —
No matter how we cut s into three (viable) pieces, some
related string obtained by repeating the middle part falls out

of L?
~ve gl see.




Using the Pumping Lemma

Claim: The set L = {0"" | n 2 0} is not regular.
Proof: Consider an arbitrary positive integer p. WTS p is

not a pumping length for L. Is]2 P v = xy2
Consider the string§= OME} m, 2
< . &
|< ‘3\5 a o<
K ” €9 : - s
X: 0 ‘3: O == O \ \(.)
kK ™ ,
KA+w+ x| 0o o " el

O“(o““)ﬁ 1" & L



Using the Pumping Lemma

Claim: The set L = {0"1" | n 2 0} is not regular.
Proof: Consider an arbitrary positive integer. WTS p is not a

pumping length for L. Consider the string s = 0P1P. Then, s is in
L and |s| = 2p >= p. Consider any division of s into three parts

s = xyz with |y|>0, [xy|<p.
Since |xy|gp, x=0k,y =0™, z = 0P with k+m+r = p,
and since |y| > 0, m>0. Picking(=0>xy'z = xz = 0%0r1P = Ok*1P |
which is not in L because k+r < p. Thus, no p can be a pumping
length for L and L is not regular. _






Another example

Claim: The set {a"b™a" | m,n2 0} is not regular.

Proof. Consider an arbitrary positive integer. WTS p is not a
pumping length for L.

Consider the string p e P P
s= 297 & bo o a
|S|>=p? ﬁchl.s.b“‘ «
sisinL? P

No matter how we cut s into three (viable) pieces, some -
related string obtained by "repeating” the middle part falls out
of L ? -



L
For next time

- Work on Group Homework 2  due Saturday

Pre class-reading for Monday: Examples 1.75, 1.77.



