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TOda.y'S Iearnlng gOaIS Sipser Section 1.1

Determine if a language is regular

Apply closure properties to conclude that a language is or
Isn't reqular

Prove closure properties of the class of regular languages



Regular languages  sipserp.35pef 1.5
DFA M over the alphabet 2

For each string w over 2, M either accepts w or rejects w

The language recognized by M is the set of strings M accepts
the language of M is the set of strings M accepts
L(M) ={w | wis a string over 2 and M accepts w}

A language is regular iff there is some finite automaton that
recognizes It.



Justification?

To prove that the DFA we build, M, actually recognizes the
language L

WTS L(M) =L

Is every string accepted by M in L?

Is every string from L accepted by M?
or contrapositive version: Is every string rejected by M not in L?



A useful (optional) bit of terminology
When is a string accepted by a DFA?

M= (Q. 2,8 9. F)
Computation of M on w: where do we land when start at
C!E and refld each symbol of w one-at-a time?
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Regular languages: bounds?

Is every finite language regular?

No: some finite languages are regular, and some are

not. CBAA @ Y
< No: there are no finite regular languages. e aAj D
es: every finite language is regular. [ a

| don't know. C\j@Q






Building DFA

Remember

/\

States are our only (computer) memory.

Design and pick states with specific roles / tasks in mind.

"Have not seen any of desired pattern yet"
"Trap state”



Complementation oo fy

(191,92,93}, {a,b}, 0,91, 7)) e - b
L(/\/)) ;é JFF%} %{wgw/

iy

b MJJWB ™) A &

A b =7 zz}

; o) | L2

L) nJ

£ P Kl by 5=k 5 o7



Building DFA

/\

Express L in terms of simpler languages — use them as
building blocks.

Example L ={w | w does not contain the substring baba }
= the complement of the set
{w | w contains the substring baba}



el BB HA i
Complementation

Claim: If Ais a regular language over {0,1}, then so is A
aka "the class of regular languages is closed under complementation”



Complementation

Claim: If Ais a regular language over {0,1}, then so is A
aka "the class of regular languages is closed under complementation"

Proof: LeAbe a regular language. Then there is a DFA
sz =(Q,2,0,90,F) such that L(M) = A. We want to build a DFA whose

language is A. Define
e w= ( @ g Z%

/N
Claim of Correctness L(M') = %

Proof of claim. ..




B HSPRE
. . C(\/\s\'a&fr ¢ b v av wJ QL((V\/\
o Lo WJTUN NS z
Compubon ok M7 an w0 I8 cccupien
S S%<(10>w>> éjj—
€ Y7 ( oy w) ) I F w#L(M)
oW E L) LN Slace LGN L v B o

D |
— eXer '




..., B i EEhF-:HLl
Why closure proofs?

- General technique of proving a new language is regular
- Stretch the power of the model

- Puzzle!



Set operations
Input set(s) 2 OPERATION - Output set

Complementation Vv
Kleene star
Concatenation

Union
Intersection

et difference




The regular operations  sipserpef1.23p.44
For A, B languages over same alphabet, define:
AUB ={z|lr€ Aor z € B}

AoB={zy|x € Aand y € B}
A* = {x125... 2|k > 0 and each z; € A}




U Nion Sipser Theorem 1.25 p. 45

Theorem: The class of regular languages over fixed
alphabet 2 Is closed under the union operation. , ath S

//

Proof:
00 What are we proving here?

For any set A, if Ais regular therd so ig AU A.
For any sets A and B, if AU Bis reggiar, then so is A.
. For two DFAs M1 and M2, M1 U M2 is regular.
"D)*None of the above. -
. 1 don't know.

N




U Nion Sipser Theorem 1.25 p. 45

Theorem: The class of regular languages over fixed
alphabet 2 Is closed under the union operation.

L\/\ I | e+ M \)\ 2 e DTAS SN L,(N‘*D
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Proof: Let A1, A2 be any two regular languages over 2. ¥\

WTS that A1 U A2 is reqgular.

build a machine that recognizes A1 U A2.



Union

Sipser Theorem 1.25 p. 45

Goal: build a machine that recognizes A1 U A2.

Strategy: use machines t’l]

Input

/ecognize each of Al, A2.

Accept if
either (or both) accepts
>

** HOW? **



iﬂzﬁ%{ i~ hewd A achoing

"Run In parallel" C , %/)

M= (Q1xQ2, £, 8, ?, ?)

Start state: (%> 7. )

Accept state(s): The set of accepting states for M is
Transition function: "~ ™ M F1xF2 e
C oo F) {(r,s)|risi@msisi@j
/\7 ;(@, ? 3 7526;/ <C.{(r,s)|risin orsisinF
’ ) D. FLUF2  — -
— / E. 1 don't know.
Mo (6, 2. 5gE)



U Nion Sipser Theorem 1.25 p. 45

Proof: Let A1, A2 be any two regular languages over 2.
Given M1 = (Q1,2,01,q1,F1) such that L(M1) = A1 and
=(Q2,2,02,92,F2) such that L(M2) = A2.

WTS that A1 U A2 is reqgular.

Deﬁne
= (Q1xQ2,%,5,(91,92),{(r,s) in Q1xQ2 | rin F1 or s in F2})
W|th 6(( rs) ~52(s,x))) for (r,s) in Q1xQ2 and x in .

Why dogs L(M) = AlUAZ’P Pﬁc G




Aside: Intersection

How would you prove that the class of regular languages
IS closed under intersection?

Can you think of more than one proof strategy?

AnB ={x|xinAand x in B}



e s .6 i A’
Payoff

{ w | w contains neither the substrings aba nor baab}

Is this a regular set?



Payoff

{ w | w contains neither the substrings aba nor baab}

Is this a regular set?

A={w | w contains aba as a substring}
B ={w | w contains baab as a substring}

ANB=AUB



General proof structure/strategy

Theorem: For any L over %, if L is regular then [ the result of
some operation on L ] is also regular.

Given name variables for sets, machines assumed to exist.

WTS state goal and outline plan.

Construction using objects previously defined + new tools
working towards goal. Give formal definition and explain.

Correctness prove that construction works.
Conclusion recap what you've proved.



The regular operations  sipseref1.23p. 44

For A, B languages over same alphabet, define:
AUB ={z|lr€ Aor z € B} v

AoB={xy |z € A and y € B}
A* ={x129... 21|k > 0 and each z; € A}

<

J
J

How can we prove that the concatenation )

o of two regular languages is a regular |
- language?
‘\__”»\
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For next time

- Work on Group Homework 1 ~ due Saturday

Pre class-reading for Friday:
- Page 48 (Figure 1.27 and description below it)
- Example 1.35 on page 52



