Additive Combinatorics and applications, Winter 2014
Homework 2, due February 17, 2014

This homework will focus on Fourier analysis over F3. To recall, for a function f : F} — R
we define the Fourier decomposition of f as

f@) =" fla) (=1

acFy
Question 1. Prove the basic properties of the Fourier decomposition.

1. The characters xo(z) = (—1)® form an orthonormal basis for functions F§ — R
under the inner product (f,g) = E[f(z)g(z)].

2. Inversion formula: f(a) = Eoery [f (z) (1)),

~

3. Parseval identity: (f,g) = Zae]Fg fla)g(a).

Let A C F? be a set, 14 be its indicator function, and we shorthand A(«) = 14(a). Note
that if |A| = p2" then A(0) = p and |A(«)| < p for all a € Fy. The Spectrum of A is the
set of its large Fourier coefficients, defined as

Spec.(A) = {a € Fy : |A(a)| > eu}.
We next show that sets with small doubling have large spectrum, if € is chosen appropriately.

Question 2. Let A C F} be such that |A + A| < K|A|. Prove that for ¢ = O(1/VK) we
have

Spec.(4)] = © (%) |

Hint: let f = 14 % 14. Lower bound E[f?] given that f is supported on A + A, and use it do
deduce a lower bound on Spec_(A).

We now study the set of Fourier coefficients supported on coefficients a with small ham-
ming weights. We identify the Fourier coefficients a € Fy with subsets of {1,...,n} in the
obvious way.



Question 3. Let A C F} be of size |A| = p2". Note that A(0) =  and ZaeF; |A(a)|? = p.

1. Prove that 327 |A({i})]* < O(u? - log(1/p)).
Hint: define f : {=1,1}" — R by f(z) = 3", A({i}) - z;. Let o> = E[f?] =
S JA({i})[2. Prove that Pr[f(z) > ot] < exp(—O(2)). On the other hand, (f, ) =
0% and g is a boolean function, supported on a domain of density p. Use this to deduce
the claim.

2. Deduce Chang’s lemma: if V' is the subspace spanned by Spec.(A) then dim(V) <
Ollog(1/p) - 1/22).

3. The following is a corollary of the hypercontractive Bonami-Beckner inequality: if
f:{=1,1}" = R is a degree d polynomial, with variance E[f?] = 02, then

Pr[f(z) > to] < exp(—(d/2e) - t*/9).

Use this to deduce that for any d > 1,

Y AP < e p? - log'(1/p),

a€elFy:|al<d
for some constant c¢; depending on d.
Finally, we show the inner product graph is a good two-source extractor.

Question 4. Let A, B C F} be two sets such that |A| - |B| > ¢2". Show that

Eoeapen[(—1)*Y] <e,

where ¢ = (1/¢)°M). Equivalently, the number of edges between A and B in the induced
inner product graph satisfies

(1/2 - £)AIIB| < [{(a,b) € A x B : {a,b) = 0}| < (1/2 + )| A||B].



