Additive Combinatorics and applications, Winter 2014
Homework 1, due January 27, 2014

This homework will focus on Pliinnecke graphs and their application in Ruzsa’s proof
of Freiman theorem. A Plinnecke graph of level h is a directed graph G = (V, E), where
V =WUV;...UV,, satisfying the following properties:

(i) All edges in E are of the form (u,v) with v € V;,v € V; 41 for some 0 <i < h —1;

(ii) (Forward splitting of paths) Assume there are verticesu € V;,v € Viyy and wy, ..., wy €
Vito such that (u,v) € E and (v,w;) € E for all j = 1,..., k. Then there exist vertices
U1, ..., € Viyq such that (u,v;), (v;,w;) € E forall j =1,... k;

(iii) (Backward splitting of paths) Assume there are vertices uq,...,ux € Vi, v € V;y; and
w € V49 such that (uj,v) € Efor all j =1,...,k and (v,w) € E. Then there exist
vertices vy, ..., v, € Viyq such that (u;,v;), (v;,w) € Eforall j=1,... k.

It is recommended to draw a picture to understand properties (ii) and (7i7). An example
of a Pliinnecke graph is the following: let A, B be subsets of an abelian group. Set V; = A+:B
for ¢ = 0,...,h, and connect u € V;,v € Vi1 if v —u € B. We denote this graph by
Pliin(A, B).

Question 1. Prove that Plin(A, B) is indeed a Pliinnecke graph.

Let G = (V, E) be a Plinnecke graph. For X C V; let I';(X) to be the vertices in V;
reachable by a path starting at X. The i-th magnification ratio of G is defined as
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The following theorem was proved by Pliinnecke, and re-discovered by Ruzsa.
Theorem (Pliinnecke). Let G be a Plinnecke graph of level h. Then
D, >Dy?*>D)*>. . >D/"

We will prove Pliinnecke’s theorem later in this exercise. First, we will show that it
implies Ruzsa’a theorem.



Question 2. Let A be a subset of an abelian group such that |A + A| < K|A|. Show that
WA — mA| < K*™|A| for all £,,m > 1. Hint: apply Pliinnecke’s theorem to the graph
Pliin(A, A), and use the Ruzsa triangle inequality.

We now turn to prove Pliinnecke’s theorem, where the proof will involve a few steps. Let
G be a Pliinnecke graph of level h. As a first step, we prove a simple property of the degrees
in Pliinnecke graphs. For a vertex v € V, let d*(v) denote the out-degree of v and d~(v) the
in-degree of v.

Question 3. Let G = (V, E) be a Pliinnecke graph of level h, (u,v) € E. Show that
(a) If v & Vj, then d*(u) > d(v).
(b) If w ¢ Vi, then d~(u) < d~(v).

The first step will be to show that if D, > 1, then D; > 1 for all 1 <+¢ < h. This clearly
is implied by Pliinnecke’s theorem, but in fact we will show that it is also sufficient. In this
first step, what we actually will show is a stronger result: if D; > 1, then there are |V;
vertex disjoint paths from Vj to V). The proof will use Menger’s theorem from graph theory.

Theorem (Menger). Let G be a directed graph, A, B C 'V disjoint sets. The mazimal number
of vertex disjoint paths from A to B is equal to the size of the minimal separating set of A
and B. That is, a minimal set of vertices S C V' such that any path from A to B must
intersect S.

Question 4. Let G be a Pliinnecke graph of level h, such that D, > 1. We will show that
there are |Vj| vertex disjoint paths from Vg to Vj,, which clearly implies D; > 1 fo all i < h.
Towards contradiction, let m < |Vj| be the maximal number of vertex disjoint paths from
Vo to V4, and by Menger’s theorem, let S C V be a separating set of size m. Assume that
S is "bottom heavy” in the sense that Z?:o i|S NV;| is minimal.

(a) Using the assumption Dj; > 1, show that S must intersect Vj, for some 1 < k < h —1
(eg. SZ VoUW

(b) Let SNV, = {s1,...,5,} and let S41,..., 5, be the remaining vertices in S. Show
that there are vertex disjoint paths my,...,m, from V{ to V},, such that s; € m; and

s; & mj for 1 # j.

(c) For i = 1,...,q, let (r;,s;), (s, t;) € m be the edges adjacent to s; in ;. Using the
minimality of S, show that there is a path 7* from Vj to V}, which is disjoint from

{r1, . Tq Sqt1s -y Sm )

(d) Let {r*} = m*NVj_1, where r* & {ry,...,7,}. Show that any path from {ry,... r,,7*}
to {t1,...,t,} must go through {si,...,s,}. Conclude that the induced graph G’ =
(V',E') on vertices V' = {ry,...,1rq, "} U {s1,...,5,} U{t1,...,t,} is Pliinnecke of
level 2.



(e) We now restrict attention to G', with degrees defined with respect to it. Use Question 3
and the fact that (r;,s;), (si,t;) € E’ to show that

Sdtr) = S dt s Sod(s) < S d ()
Combine this with the identities
FY d(r) =) d(si); Y _d(s) =) d(t)
to show that d*(r*) = 0. Reach a contradiction.

In order to deduce Pliinnecke’s theorem for general values of Dj,, we will apply a ”tensor
trick”. For two Pliinnecke graphs G = (V, E),G' = (V', E’), both of level h, define their
tensor product G x G’ as the following graph: its vertex sets are V; x V/ for i = 0,...,h,
and its edges are ((u,u'), (v,v')) with (u,v) € E, (v/,v') € E’. We denote by G* the k tensor
power of G.

Question 5. Show that G x G’ is indeed a Pliinnecke graph.

Maybe surprisingly, magnification ratios are multiplicative.

Question 6. Show that D;(G x G') = D;(G)D;(G’) for all 1 < i < h. The direction
D;(G x G') < D;(G)D;(G") is trivial. For the other direction, let X C Vj x Vj, and define
Xy ={({Ti(v),v") : (v,v") € X}. Show that | X;| > D;(G)|X]|. Then define Xy = {(v,';(v")) :
(v,v") € X1} and show that |X5| > D;(G")|X1]. Conclude by observing that X, are all the
vertices in the i-th level of G x G’ reachable from X.

We now conclude the proof of Pliinnecke’s theorem. Let B be a set of integers of size n,
such that all the h-fold sums by + ...+ by, b; € B, are distinct. The graph Plin({0}, B) is
called an independent graph of level h and size n, which we denote by I;(n). Note that it is
independent of the specific choice of B. We will show that by taking tensor products with
independent graphs, we can deduce the full version of Pliinnecke’s theorem from the case of
D;, > 1 which we showed.

Question 7.
(a) Show that D;(I(n)) = ("""), which is between n'/i! and n'.

(b) Let G be a Pliinnecke graph with 0 < D, < 1. Let r be a large integer, and choose n
to be the minimal integer so that

Dh(GT X Ih(n)) > 1.

We know that D;(G" x I(n)) > 1. Show that by letting r — oo, this implies that
D;i(G) > Dy(G)"/".

(¢) Let G be a Pliinnecke graph with 0 < Dj, < 1. We use instead the inverse independent
graph I,(n)~! | obtained by reversing all the edges in I,(n). Show that I;(n)~!is a
Pliinnecke graph, that Dy (I,(n)~!) = ("~ 1) and that D;(I,(n)™1) < hl-n~% Apply

the same logic to deduce that D;(G) > D, (G)"" in this case as well.



