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1. (35 Marks) Prove that for any k ∈ Z, if k is odd then

(k3 − k) ≡ 0(mod 4).



2. (35 Marks) Prove that
√

12 +
√

2 is not rational. (You can use the fact that
√

2 and
√

3 is
not rational. )



3. (5 each) If A and B are two sets such that

(a) If |A| = 16 and |B| = 9 and |A ∩B| = 12 then what is |A ∪B|.

(b) If |B| = 9 what is |B3|.

(c) If |A| = m how many functions are there from A to {0, 1}n.

(d) If |A| = 6 and |B| = 8 and |A ∩B| = 4 then what is the size of |(Ac ∩B) ∪ (A ∩Bc)|.



4. (15 Marks) Write the negation of the following statement:

• There is an university in USA where every department has at least 20 faculty and at
least one noble laureate.

5. (15 Marks) Prove that the following of expressions are equivalent:

p→ (q ∨ r) ≡ (p ∧ ¬q)→ r ≡ (p ∧ ¬r)→ q



6. (15 +15 Marks) Prove that the following expression are always TRUE:

(a) ((c ∨ d) ∧ (¬e ∨ c)) ∨ (¬(c ∨ d) ∨ (e ∧ ¬c))

(b) ((p ∧ q) =⇒ r) ⇐⇒ (p =⇒ (q =⇒ r))
(You can use the facts that A ⇐⇒ B is same as (A =⇒ B) ∧ (B =⇒ A).
Also you can use the fact that A =⇒ B is same as ¬A ∨B.)


