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1 Schwartz-Zippel Polynomial Identity Testing

The Schwartz-Zippel algorithm for polynomial identity testing is an example for an “If any, then
many” randomized algorithm. Given a polynomial, we want to determine if it is O for all assign-
ments, e.g.

(z — 5y)1012 + (x2 + xy)506 —(y+ 1:)1012 2 0

The trivial solution, multiplying the polynomial out, can take exponential time. Another simple
way to prove that it is not 0 would be to provide a counterexample. Assigning x = 1 and y = 1
yields

(_4)1012 4 9506 _ 91012 -z 0

While it is easy to see in this case that the left-hand side is not 0, in general the size of the left-hand
side can grow exponentially in the input size, which makes this calculation too expensive. However,
doing the calculations modulo a small prime number bounds the size of the left hand side. In our
case, taking everything mod 3 yields

11012 (_1)506 _ (_1)1012 z 0 mod 3

which is not true.

More general, we consider arithmetic circuits. An arithmetic circuit with input variables
x1,...,Ty, is asequence g1, ..., g, such that g;,g2, and gs are the constants 0, 1 and —1, g4, ..., gn+3
are the input variables z1,...,z, and for every ¢ > n + 4 we either have g; = g; + gi or g; = g gk,
where j, k < i. The output of the circuit is defined as the value of g,,.

Example 1. The polynomial x°'? can be represented by the arithmetic circuit g = 0, gy = 1,
93 =—1,91=2, 95 =93, g6 = 93, -, 912 = G11-

We can represent g; as a polynomial p;(z1, ..., x,) and then ask the question if g, = pm(21,...,25n) =
0 for all z1,...,x,.
The Schwartz-Zippel algorithm is now as follows: Let R and [ be parameters,

e z;+,{0,1,...,R}foralli=1,...,n
e Pick a random prime p of length [ as described in last class

e Compute each g; mod pfori=1,...,m



e If g, =0 mod p, output “yes”, otherwise output “no”

Note: Non-primes also work, but the proof is more complicated.
Lemma 1. Let deg denote the maximum degree in any one variable, then

deg(p;) < 2" < 2™

Proof. The degree can at most double with every operation. O
Lemma 2. If p(z1,...,x,) is of degree d and p(x1,...,x,) # 0, then choosing a; uniformly from
{0,1,...,2dn} gives P(p(as,...,a,) =0) < 1.
Proof. Let

dn :p(xl7"'7xn)

qn—1 = p(xh ey mnfban)

q0 :p(ala' <. 7an)
If go = 0, but g, # 0, then there is an i such that ¢; # 0 and ¢;_1 = 0.
We can write
d
qi(acl,...,xi,ai+1,...,an) = Z xfl JJ;&El (’I“d17m7di71($i))
dyye.oydi_1=0

where rq, . 4, , is a degree d polynomial in one variable.

The polynomial g; is nonzero if and only if there are di,...,d;—1, such that 74, . 4, , is a
nonzero polynomial. A nonzero polynomial r4,, . 4, , with degree d has at most d roots. Hence,
choosing a; uniformly at random from {0,...,2dn} gives

1
P (lew--,di—l(ai) = O) < %

or P(qi-1=0]¢;i #0) < ﬁ Therefore, we get P(go = 0) < %
Applying lemma 1 to lemma 2, we get that we need to choose R = 2™ +1n,
Lemma 3. If0 < a; < R for all i, then p;(a1,...,a,) < RZH.
Proof. The value can at most double in every step. O
To bound the probability that we pick a prime p such that p,,(a1,...,a,) # 0, but pp,(a,...,a,) =
0 mod p, let V = R(Z™) < 20m+1+logn)2™ and let k be the number of distinct prime factors of
pm(ai,...,a,). We have

k <logpm(ai,...,a,) <logV < 2™(m+logn+1)
We use that the number of prime numbers of length [ is © (QTZ) Choosing | = 3m, the algorithm

picks one of 3;—:1 prime numbers uniformly at random for some ¢, at most 2™ (m+logn+1) of which
divide p,(ai,...,a,). Hence the probability that we pick a divisor of p,,(a1,...,a,) is bounded
by poly(m)2-2m,

We can conclude that the probability of outputting “yes”, if the correct answer is “no” is
bounded by 3 + poly(m)2~2™.



2 Max-Cut Problem

Given an undirected graph G = (V, E), the goal is to find a partition of V into two sets L and R
such that the number of edges that cross from one set to the other is maximized.

Consider the following simple randomized algorithm: For each node, add it to L or R with
probability % each. Let Cut denote the size of the resulting cut. We get

E[Cut] = Z P(e is a cut edge) = %|E|
eck

Since the max cut is at most |E|, this is a %—approximation in expectation. Let p be the probability

that the cut is indeed at least 3|E|. Then
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Hence p > W}E\H =0 <ﬁ) Therefore after repeating the algorithm O(|E|) times, with high

probability we find a cut which %—approximates the max cut.



