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Solution have been prepare with Jan Voung
Let S be a set of nine integers from 1 through 30. Show that the set contains

at least two different (but not necessarily disjoint) subsets of four integers that
add up to the same number.

Imagine a function f that maps subsets of 4 integers to its sum. For example,
f({4, 8, 24, 30}) = 66 and f({9, 15, 18, 24}) = 66. What is the size of the Domain
and Image/Coimage?

The Domain is all possible subsets of 4 integers chosen from a pool of 10.
Therefore |Domain(f)| =

(
9
4

)
= 126.

The Image involves sums of integers chosen from 1, . . . , 30. The smallest
sum is 1+2+3+4 = 10. The largest sum is 30+29+28+27 = 114. The Image
can take on values between those limits, so the |Image(f)| ≤ 114−10+1 = 105
(≤ because it might be impossible to take on all values in the range with only
10 numbers). Since the |Image(f)| < |Domain(f)|, the function f cannot be
one-to-one. Thinking back about the meaning of the function, this means at
least two different subsets have the same sum.
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