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March, 14, Day 19
Pigeonhole Principle (cont.)
Order

Instructor: Neil Rhodes

Monotonic Subsequences

Let A= a1, a2, ..., an be a sequence of distinct real numbers
= Remove some of the terms from the sequence. The remaining ones are a
subsequence.
= |f the subsequence is increasing, the subsequence is an upsequence. If the
subsequence is decreasing, the subsequence is a downsequence.
= Let D be the length of the longest downsequence of A.
= Let U be the length of the longest upsequence of A.

Prove that that n < DU
= Let f(ai) be an ordered pair of numbers (Di, Ui) representing the maximum
downsequence (upsequence) ending with ai.
= If ai+1 > aj, then:
- f(air1) = (?, Uit1)
= if ai+1 < &, then:
- f(air1)=(Di+1, ?)
= If i>j, either Di > Djor Ui > Uj
= Thus, each aj has a unique pair: (D, Uj). (fis an injection)
* Further Di< D, and Ui< U.

Example

Show that at any party with at least six people, there exists either a
set of three mutual friends, or a set of three mutual strangers.

Partially Ordered Set (Poset)

Binary relation R on S is an order relation if it is:

= Reflexive
- aRa

= Transitive
- aRb A bRc — aRc

= Anti-symmetric
- aRb A bRA - a=b
Order relations are commonly written a<b (precedes)
= Rather than aRb
= a < b (a strictly precedes)
Combination of a set and an order relation on the set is called a
partially ordered set (poset)

Example
* (N,3)

= S, a set of sets, with € as an order relation




Diagramming Posets

Hasse diagram of a poset (S, =): graph with:
= Each element of S as a node of the graph
= Line from a to b if a immediately precedes b

= Lines always point up

= Used for project management, for instance
- Critical chain: longest line
- PERT (Program Evaluation and Review Technique)
- CPM (Critical Path Method)

Example: poset (P({1,2,3}), )

Poset Example

Let the set be positive integers
Let the order relation be a | b

Poset Examples

Set is Z, order relation is a = b if b = a" for some positive integer r

Poset Examples

({}, R) (empty set)

(S, {}) (empty relation)




Poset Examples

Prerequisites for CSE classes
= 8A

8B: requires 8A

12: requires 8B,

20: requires 12

21: requires 20

30: requires 12, 20

100: requires 12, 21

101: requires 12, 21, 100

105: requires 12, 21

120: requires 100, 101, 141
131A: requires 30, 100, 105
131B: requires 30, 100, 105, 131A
140: requires 20, 30

141: requires 140




