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Exercises from Bender

Fnl.1

a

Suppose f € 3{><+7} and that in 1-line notation f = (3,1,2,3). f is not
yet well-defined since no ordering on the set {>,<,+,?} has been specified.
However, any such f fails to be an injection since some 2 points in the domain
both map to 3. f is a surjection since each element in 3 is mapped to.

b
Suppose f € {>,<,+,7}2 and that in 1-line notation f = (?,<,+). Then f is

well-defined and in 2-line notation is (1 2 3

? < +>. f is an injection but not a

surjection since nothing maps to >.

c
Suppose f € 4% and that 2 — 3,1 — 4,3 — 2. Then f is well-defined and in

2-line notation is (1 23

43 2). f is an injection but not a surjection.

Fnl.2

To answer this question, we need a bit of machinery.

Theorem 1 (Pigeonhole principle). Let m,n € N with m < n and suppose
f:n—> m. Then f is not injective.

Proof. Suppose indirectly that f is injective. Let m be the smallest natural
number such that there is some n € N with m < n and injective function
f :n — m. (here we use the fact that N is well-ordered)



If m = 0, then f is not a function, so we may suppose that m > 0. Define
g:n—1—->m—1by

) 0 < fw)
90 = {f(i) —1 i S)> fn)

Notice that f(i) = f(n) cannot occur if i € n — 1 since f is injective.
We claim that g is injective, contradicting the minimality of m. To see this,
suppose ¢(i) = g(j). We consider 4 cases:

o If f(i) < f(n) and f(j) < f(n), then f(i) = g(i) = g(j) = f(4), which
implies ¢ = j.

o If £(i) > f(n) and f(j) > f(n), then f(i) = g(i) + 1 = g(j) + 1 = f(j),
which implies i = j.

o If f(i) > f(n) and f(j) < f(n), then f(n) < f(i) = g(i) + 1 =9g(j) +1=
f(G) +1 < f(n) + 1, which implies the contradiction that there is some
integer strictly between f(n) and f(n) + 11, namely f(i). So this case
cannot occur.

e The case where f(i) < f(n) and f(j) > f(n) is similar to the previous
case.

O

Next we define the size of a set A to be the unique natural number equinu-
merous with it, if there is one 2 , i.e. |A| = n iff 3 bijection f :n — A. If there
is such an n € N, then we say that A is finite.

We need to show that this definition is well-defined. l.e. that if f:n — A
and g : m — A are both bijections then m = n. So suppose not. Wlog assume
m < n. Then h = g~ o f : n = m is a bijection, contradicting the pigeonhole
principle.

a
Claim 2. If A, B are finite sets and f : A — B is an injection, then |A| < |B|.

Proof. Suppose g :n — A and h: m — B are bijections and that n > m. Then
h~'o fog:n — mis an injection, contradicting the pigeonhole principle.

It is tempting to think that this proof holds for infinite sets, but since we
don’t have any definition of what the size of an infinite set is (unless we resort
to ordinals), the conclusion doesn’t make any sense. After all, what are the 2
objects that we are comparing? What is the object |A|?

1 This can be seen from the axiom of regularity if one defines n + 1 as n U {n}.
2More generally we could define the size of a set as the least ordinal equinumerous with it,
but this would require an excursion into axiomatic set theory.



b
Claim 3. If A, B are finite sets and f : A — B is a surjection, then |A| > |B|.

Proof. Let g : n — A,h : m — B be bijections and suppose indirectly that
n < m. Then define b : m — n by b(i) = ming=' o f~! o h(i). b is well-defined
because f is surjective and is injective because f is a function. But b contradicts
the pigeonhole principle since n < m. O

Cc
Claim 4. If A, B are finite sets and f : A — B is a bijection, then |A| = |B].

Proof. Combine the previous 2 claims: f is injective, so |A| < |B|, but f is
surjective, so |A| > |B|. By antisymmetry, |A| = |B|. O

d

Claim 5. If A, B are finite sets and |A| = |B|, then f: A — B is an injection
iff it is a surjection.

Proof. This proof relies heavily on the assumption that A, B are finite. It is
false for infinite sets. E.g. let A = B = N. Then |A| = |B|, but the successor
function, mapping n — n + 1, is an injection that is not a surjection.

But since A, B are finite, let g : n — A, h : n — B be bijections.

(=) Assume f is an injection. Then d = h~! o f o g: n — n is an injection.
Suppose indirectly that f fails to be surjective. Then d fails to be surjective as
well. Let x be any element of n —imd. Defineb:n —n —1 by

bi) = {d(’f) g <o
d@)—1 ifd@i) > =
Then b is injective, contradicting the pigeonhole principle.

To prove the second half, namely that if f is surjective then it is injective,

notice that b : n — n defined by b = minod~! is injective. By the first half

of the proof, this implies that it is surjective as well, which implies that d, and
hence f, is injective. O

e

Claim 6. If A, B are finite sets and |A| = |B|, then f : A — B is a bijection
iff it is an injection or it is a surjection.

Proof. Again this relies on finiteness. The forward implication is obvious. To
show the reverse implication, use the previous claim. O



Fnl.4
Let A ={1,2,3},B = {a,b,d} and

S1=1{(3,a),(2,b),(1,a)}
Sy = {(laa)a (2,0), (3,0)}
Ss ={(1,a),(2,b),(1,d)}
Sy ={(1,a),(2,b),(3,d),(1,b)}.

Then S, 53,5, are relations on A x B but S> is not since it involves a c.
51 is a functional relation on A x B but Ss, S4 are not because they multiply
define to what 1 maps and S> is not because it is not a relation on A x B.
The inverse of S3 is a functional relation on B x A, but not Sy, Sy since they
multiply define to what a and b map (respectively) and not S2 since its inverse
is not a relation on B x A.

Fn2.1

In the next few problems, we will use a comma-separated list to denote the cycle
notation and a space-separated list to denote the 1-line notation.

a

The permutation (1,5,7,8)(2,3)(4)(6) in 2 and 1-line forms is

(=]

1 2 3 45 6 7 8
5 3 2 4 7 8 1
and(5 3 2 4 7 6 8 1). Itsinverseinall 3 formsis (1,8,7,5)(2,3)(4)(6),

123456 7 8
(83241657),and(83241657).

b

. 1 2 3 4 5 6 7 8)\. . .
The permutation (8 37 96 45 1) in1-lineand cycleformis (8 3 7 2 6 4 5 1)

. . . 1 2 3 4 5 6 7 8
and (1, 8)(2,3,7,5,6,4). Its inverse in all 3 forms is (1, 8)(2,4, 6, 5,7, 3), (8 42 6 7 5 3 1);
and (8 4 2 6 7 5 3 1).

C

. . . . (1 2 3 45
The permutation (5 4 3 2 1) in 2-line and cycle form is (5 13 9 1)
and (1,5)(2,4)(3). Its inverse in all 3 forms is the same as the above since it is
its own inverse.



d

The permutation (5,4,3,2,1) in 2 and 1-line forms is (

(5 1 2 3 4). Its inverse in all 3 forms is (1,2,3,4,5
and (2 3 4 5 1).

Fn2.2

Suppose that we write the numbers 1, 2,3,4 in a row and then perform the fol-
lowing 3 swaps 5 times in a row: swap lst and 3rd numbers, swap 1lst and
4th numbers, swap 2nd and 3rd numbers. Then the location of the num-
ber originally in position i is given by the evaluation at ¢ of the permutation
((2,3)(1,4)(1,3))° = (1,2,3,4)° = (1,2,3,4). Since this permutation maps 1 to
2, the number 1 is now in position 2.

Fn2.4

a

(1,2,3)3% = (1)(2)(3) since the length of the cycle (1,2,3) divides the exponent
300.

b

((1,3)(2,5,4))3%0 = (1,3)399(2,5,4)3% = (1)(2)(3) since the 2 cycles (1,3) and
(2,5,4) are disjoint and each has a length that divides 300.

Cc

Let f be a permutation of 5. Then every cycle in the cyclic decomposition of f
has one of the following sizes: 1,2,3,4,5; the least common multiple of which
is3-4-5=60. So f90 is the identity. So f6! = f.



