CSE 101 - AGORITHMS - SUMMER 2000
Homework 1 - Solutions

Problem 1: (Merge Sort)
(10 points) The following algorithm for merge sort was presented in the first lecture:

MERGE-SORT(A, 1, k)
1 if ¢ > k then return
2 j  [5E]
3 MERGE-SORT(A,1,j)
4 MERGESORT(A,j + 1,k)
5 MERGHEA,1,j,k)
where MERGH(A, 1, j, k) assumes that the subarradfs, ..., j]andA[j+1, ..., k] are sorted and returns all the-i+1

elements in a single sorted subarray that replaces the current suldgiray k). Write and analyze pseudocode for
MERGHA, i, 7, k).

Proof: There may be many pseudocode algorithms for the same problem, but we expect all of them to use auxiliary
memory. Notice that our RAM computation model allows us to use as much memory as we need. Then the following
is a possible pseudocode:

MERGEA, i, j, k)

1i' +i;j <« j+1; counter + 0

2 whiles < jorj <kdo

3 if (i >j)or(j < kandA[i'] > A[j']) then
4 counter < counter + 1; A'[counter] = A[j']; j' + j' +1
5 if (j' > k)or(i' <jandA[i'] < A[j']) then
6 counter < counter + 1; A'[counter] = A[i']; i «+i' + 1

7 for i’ «+ 1to counter do
8 Ali+i — 1]+ A'li]

whereA'[1,...,k — ¢ + 1] is an auxiliarry array.

Therefore, each iteration of the while loop incrememtsnter and eitheli’ or j' by one. Since there ake—i + 1
elements in total to be merged and since the while loop is executed until’bath andj’ > k, we deduce that the
while loop is executed exactly— i + 1 times and that this is the value @funter. If we letn denote the total number
of elements in the input, that is,= k£ — 7 + 1, then the running time of MRGEis ©(n).

Problem 2: (Function Order - Skiena, Exercise 1-7)
(10 points) Give a proof or counter-example to the following claim: for all functipasdg, eitherf € O(g(n)) or

g € O(f(n)).

Proof: We give a counter-example: I¢{n) = 1+ (—1)* andg(n) = 1 — (—1)" forall n > 0, so f takes the values
2,0,2,0,2,0,... andg takes the values, 2,0,2,0,2, .... For the sake of contradiction, suppose tfiat O(g(n)).
Then there are > 0 andng > 0 such thatf(n) < cg(n) for all n > ng. But that means that(2k) < cg(2k) for all
k > no/2, thatis, thak < 0. Contradiction. It can be similarly shown thatz O(f(n)).

Problem 3: (Recurrence)
(10 points) This problem has three parts:




1. (2 points) Solve the recurren@én) = T'(n/2) + n.

2. (5 points) You are a young scientist who just got a new job in a large tedf0géeople (you thd01-st). A
friend of yours who you believe told you that you have more honest colleagues than liars, and that that’s all what
he can tell you, where lar is a person who can either lie or tell the truth, whileremmestperson is one who
always tells the truth. Of course, you'd like to know exactly your honest colleagues and the liars, so that you
decide to start an investigation, consisting of a series of questions you are going to ask your colleagues. Since
you don't wish to look suspicious, you decide to ask only questions of the form “Is Mary an honest person?”
and of course, to ask as few questions as possible. Can you sort out all your honest colleagues? What's the
minimum number of questions you'd ask in the worst case? You can assume that your colleagues know each
other well enough to say if another person is a liar or not. (Hint: Group people in pairs (X,Y) and ask X the
guestion “Is Y honest?” and Y the question “Is X honest?”. Analyze all the four possible answers. Once you
find an honest person, you can easily find all the others. Challenge: can you solve this enigma asking less than
280 questions in total?)

3. (3 points) Generalize the strategy above and show that giyerople such that less then half are liars, you can
sort them out in honest persons and liars by askiw) questions.

Proof: The role of 1 is to suggest you that you should reduce the problem to a related subproblem of size half the
size of the original problem. Additionally, the recurrence in 1 is closely related to the recurence obtained in 3.

1. SinceT'(n) > n, we immeditely get thaf'(n) € Q(n). On the other hand, since
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ThereforeT'(n) € O(n).

2. Ouir first goal is to find a honest person. Group your colleagues in (p&irs) and askX the question “I&”
honest?” and” the question “IsX honest?”. A first important observation is that at least on& p¥ is a liar
whenever you get at least a NO answer; then you can removeXaitdY” from the set of potential honests,
because the remaining— 2 people still verufy the property that more than half are honest. Therefore, we'll
keep only those pairs whose answers are YES, noticing that either both people in each group are honest or both
are liars.

LetT'(n) be the number of questions (the running time :) you need to ask a greupesiple with more honests
than liars, in order to find a honest person. We are looking for a recuren€gsigpr There can be distinguished
three cases, depending on the number of pairs answering (YES,YES) and the parity of people:

(a) Even number of people groupedimpairs. Then we can remove one person from each pair, the remaining
k people still having the property that more than half are honest. Thus, we obtain the recurrence

T(2k) < T(k) + 2k,

because we ask&xt questions to reduce the problem by half. The worst case is of coursenhaeldi;



(b) Odd number of people, grouped in even number of ghirand one person singled out. Then we can
remove one person from each pair, obtaining the recurrence

T(4k + 1) < T(2k + 1) + 4k,

since we asked questions only thiepeople grouped in pairs;

(c) Odd number of people grouped in odd number of p2érs- 1 and one person singled out. Then we can
safely remove one person from each group together with the singled out one, obtaining the recurrence

T(4k +3) < T(2k + 1) + 4k + 2.

Applying the divide and conquer technique described above in which about half the people are removed each
step, we can calculate the number of questions needed in the worst case to detect an honest out of 100:

T(100) < T(50) + 100
T(50) < T(25) + 50
T(25) < T(13) + 24
T(13) < T(7) + 12
T(7) < TB) + 6
T3) < T1) + 2
T(1) = 0
T(100) < 194

Once an honest person is found, saythen we might asi 99 questions and thus completely correctly divide
the 100 people in honests and liars. Therefore, we apparantly need 293 questions in total.

However, it can be done better! We do not need to 8s89 questions, but to reuse the information we have

from previous questions we askéfdl For example, during the division of the problem into subproblems, we
askedX 6 questions about other 6 people and we got answers YES, so we already knwo that those 6 people are
honest. Moreover, each of the known 6 people were asked questions about other people who were previously
removed, so those people are also honest. This procedure can be iterated and reduce the number of questions
for X by 63! Thus, the total number of questions needed to find all the honest people is 230. | do not see how

to do it better.

3. We can upper bound the recurrence above by another more compact recfittenee 7'(3n/4) + n, whose
solution is inO(n).

Problem 4: (Sorting)
(10 points) Given a fixe& > 0, show how to sort any integers in the rangeto n¢ in O(n) time. (Hint: do it for
d = 2 first; you get 8 points if you solve it faf = 2.)

Proof: We present the general solution. The idea is to represent the numbers in dad¢hen use radix sort.

Let's substract 1 from each number (it can be done in linear time), so that the numbers are in theoaifge 1.
Each such numben can be uniquely decomposedias= m; +ms -n+ms-n?+---mg-n¢!, wherem, is the rest
of the division ofm by n, m» is the rest of the division af: — (m — m;) /n by n, etc. All the numbersi;, mo, ...,mq
are in the rangé ton — 1; we can add to each in linear time. Thus each of thewumbers in the rangeto n¢ can
be uniquely represented as a tuplelafumbers in the rangeto n, (mq4, mg_1, ..., ma, mq).

But this is exactly the hypothesis of radix sort! Therefore, we can simply use radix séfdigiits”, with counting
sort appliedd times to sort the numbers by each digit. Since the digits range betivaedn, counting sort runs in
©(n + n) = ©(n) time, so the whole alogithms runs@(d - n), that is,©(n).



