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Sample Quiz 7

1. Suppose the Tower of Hanoi has 5 poles instead of three. A disk can be transferred from one pole to
any other pole, but at no time may alarger disk be placed on top of asmaller disk.

Let S,, be the minimum number of moves to transfer the entire tower of n disks from the leftmost to
the rightmost pole.

Find 51752353754555756357758

Let the notation m[n,s,d] indicate the minimum number of moves to transfer n disks from pole sto
poled.

Si=m[LAE =1

S =m[1AD] +S; + m[1,D,E] =1+1+1=3

S3=m[LA,C] + Sy + m[1,CE] =1+3+1=5

Sy =m[LAB] +S3 +m[1B,E] =1+5+1=7

Ss =m[2,A,B] + S3 + m[2,B,E] =3+5+3=11

S =m[3,A,B] + S3 + m[3,B,E] =5+5+5=15

Sy = m[4,A,B] + 53 + m[4,B,E] =7+5+7=19

Ss = m[4,A,B] + m[2,A,C] +S5 + m[2,C,E] + m[4,B,E] = 7+3+3+3+7 =23

2. Provethefollowing for the Fibonacci Sequence Fy, Fy, Fo, ...
F2 +F} =2F  Fr +F2, k>1
We know that Fy1 = Fy, + Fi,_1.
Solving for Fj, weget Fy, = Fj41 - Fj,_1.
Squaring both sides, we get FZ = F?, | -2 Fyqq Fp_q + F?_;
Now the proof isjust a substitution away:
F2 +F} =2F  Fr +F2 , k>1
FP  +F} | =2Fpy Fpy + F7 -2 Fpy Fp_y + F_| by substitution
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Fig tF_ =Fg g+ Fi,



3. Use iteration to guess an explicit formula for the following recursively defined sequence. Use the
formulas from Epp (4.2) to simplify your answers whenever possible.

b, =3bi_1t+4 ,fOfk‘Zl
b0:2

by,
(by defn)=3b;,_, +4

(by subst) =3[ 3by_o +4] +4
(by simpl) = (32)bg_o + (3)4+ 4

(by subst) = (3%)[ 3by—3 + 4] + (3)4 + 4

(by simpl) = (3%)by_4 + (3%)4 + (3)4 + 4

(by subst) = (33)[ 3by_4 +4] + (32)4+ (3)4+4

(by simpl) = (3%)by,—4 + (3%)4 + (3°)4 + (3)4 + 4

br, = (3%)bg_p + (3F~1)4+ (3k=2)4+ .+ (32)4+ (3)4 + 4
b = (3%)bo + 43", B

be = (3%)(2) + 43 =2

by =2 (3%) +2(3% -1)

b =2 (3F) +2(3k) -2

bk =4 (3k) -2



