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Quiz 7 Solutions

Problem 1 Consider the following sequence:

ap = ag—1 + 3k

for all £ > 2

i) Use iteration to derive an explicit formula for the sequence

Solution
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as =

az =

d+a, =

3!+ a, =
dta, =
a, =

ii) Use induction to prove that your explicit formula holds for all n.

Solution

base step k = 2
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induction step

n+1__
Assume q,, = 3 u

_ 327
To show anp11 = >

Proof

1=3°
30 432
30432438

304324+ . 43"
30 +31 +32+...+3"

>3
i=0

3n+1_1
3-1
3n+1_7
2

241 _
u:m

(1,1:1



2 Karabeg

ani1 = ap + 3711 by part a)
nt1 = ?’ngi + 23+l by induction hypothesis
n+1__
nt1 = (HZ)?’% by algebra,
3nt2_7
ap4+1 = D)

Problem 2 The recursive relation F, = Fj_1 + Fj_o satisfies the Fibonacci sequence.
i) Explain why Fjo = (Fy—1 + Fy_2) + (Fi + Fi,)
Solution
Fev2 = Figp1+ Fy
Frio = Fe+Fp 1+ Fg
Frio = Fr 1+ Fg o+ Fp 1+ Fy
ii) Prove that F]? = 2FFy_o + Fy(Fy_4 + Fy_s.
Solution
2FpFy 9+ F(Fg—a + Fr5) = 2FyFp o+ FyFy 3
= Fy(2F; o+ Fr 3
= Fy(Fg—2 + (Fr—2 + Fr-3))
= Fp(Fr—o+ Fr1)
= F?
Problem 3 This problem is almost exactly the one fully explain p 431. The only change is the

number of offspring

1) Find the recurrence relation for 7 in terms of rx_1 and ri_o for all £ > 1.

Solution
Tk = Tk—1 + 4Tk—2 for all integers &k > 2

for detailed explanation see Epp Example 8.1.6
2) Find an explicit formula for 7, for n > 2 and verify it via induction.
Solution Let rp = 11 + 4742

with 7o = 1 and r; = 1 the caracteristic equation is:
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thus we get
rn=C- (t1)" + D(ta)"

and
ro = C-(t))°+D-(t)°=C+D=1
C-(t)!

ty
r = (tl) + D - (tg)l =Cti — Dty =1

which gives(after tedious algebra) D = =L = 1 (1 — \{—1777) andC=1-D =3 (1 + ‘{—1:7)

Hence, (just for the fun ...)

) () ) (Y
2 17 2 2 17 2

for all n > 2.

proof by induction

base step n = 2 recall that 1o =1+ 4(1) =5

I worked out the following algebra

1 (1+ m) . <1+m>2+ 1 (1_ m) (1_¢ﬁ>2

2 17 2 2 17 2

o =

and got indeed ro = 5 (details upon request during philippe O. H.)
induction step
Assume:

rn=C-(t1)" + D(t2)"

To show:
oyt = C- (t1)n+1 + D(t2)n—|—1

The algebra for the proof is very messy, I 'm still working on it.



