Computer Science and Engineering, UCSD Spring 98
CSE 21: Math. for Alg. and Syst. Analysis Instructor: Karabeg
Quiz 7 Solutions May 20, 1998

Quiz 7 Solutions

Problem 1 Consider the following sequence:
ap=ap_1+2F  forallk>2 a1 =1

i) Use iteration to derive an explicit formula for the sequence
Solution

ap = 1=2°
ag = 20422
ag = 20422423

anp, = 204224 . 42"
2 va, = 204214224 . 42"

n
2'+a, = ) 2
1=0

2'+a, = 271—'—17_1
2-1

2+an — 2ﬂ+1_1
a, = 21 _3

ii) Use induction to prove that your explicit formula holds for all n.
Solution

base step k = 2
ap=2""1 —3=75

induction step

Assume g, = 2" — 3
To show a, 1 =2""2 -3
Proof
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Qny1 = ap +2"T1 by part a)

any1 =2+ — 3 4 ontl by induction hypothesis
ant1 =2 (21 =3 by algebra

Qpi1 = 2n—|—2 -3

Problem 2 The recursive relation F, = Fj,_q + F}_o satisfies the Fibonacci sequence.
i) Explain why Fyio = F, + (Fj, + Fy—1)
Solution
Frio = Fgp1+ Fy by letting k& + 2 be k in the Finobacci formula
Frro = Fyp+ Fr_1+ Fy by letting k£ + 1 be k in the Finobacci formula

ii) Prove that F? = 2Fy(Fy_; + Fy_o)Fy_s + F2Fy_3.
Solution
2Fy(Fp—1+ Fy2)Fyo+ F{Fy 3 = 2FFpFy o+ F{F; 3
= FQ(2Fy_o + Fj_3)
= F{(Fy o+ (Fx 2+ Fy 3))
= F{(Fr—2+ Fi1)
= F}

Problem 3 A pizza is cut into n distinct slices. Each slice has either mushrooms, bellpeppers,
tomatoes or garlic such that no two adjacent slices have the same toppings.

Let S,, be the number of ways to make the pizza.

1) Find the recurrence relation for S in terms of Sy_; and Sy_o for all k£ > 4.

Solution Let £ be an integer with k > 3, call the & slice of the pizza 1,2, 3, ..., k, and suppose
that the values of S1, 59, ...,S;_1 are known.

Note that S1 =4, So=4-3 =12.

Casel, slices (or sectors) 1 and 3 have the same topping: In this case k > 3 because otherwise
slices 1 and 3 would be both adjacent and with the same topping which is not allowed. Imagine
slices 1 through 3 are made into a single unit with same topping of sectors 1 and 3. Then the
pizza would contain a total of k — 2 sectors:1-3,4,5,....k, and he number of ways to make the
pizza would be S; 5. Each of these ways corresponds to exactly 3 ways to make the pizza
when sectors 1-3 are not united, for that is the number of choices of topping to choose for
sector 2 to contrast with sectors 1 and 3. Hence there are 3S;_o ways to make the pizza in
this case.

Case 2, Sectors 1 and 3 are of different topping: Imagine shrinking sector 2 to nothing. Then
there would be S; 1 way to make the pizza. Now imagine expanding sector 2 back to its
original size and giving it its original topping. Since there are2 ways that sector 2 could be
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topped that would contrast with topping of sectors 1 and 3, each ways to top the pizza leaving
sector 2 out correspond to exactely 2 ways to make the pizza when sector 2 is there. Hence,
there are 25, 1 ways to make the pizza in this case.

If £ = 3, then case 1 cannot occurs and S3 = 25, = 24. If k£ > 4, then the total number of
ways to make the pizza is the sum of case 1 and 2.

Sr =2S,_1+ 3Sk_9 for all integers &k >4

2) Find an explicit formula for S, for n > 2 and verify it via induction.
Solution Let T}, = Sy 42 for all n > 0 so that for all £ > 2,
Ty = 2Ty 1 + 3T)_»
with Ty = 12 and 17 = 24 the caracteristic equation is:
t?—2t-3=0
t+1)(t—-3)=0
thus we get
T,=C-3"+D(-1)"

and

o = C-3°+D-(-1)°=C+D=12

T, = C-3'4D.(-1)'=3C-D=24
which gives C =9 and D = 3. Hence, T, =9 -3" + 3 - (—1)" for all n > 0 thus

Sp=Tp9=9-3"243.(=1)"?2

for all n > 2.
proof by induction

base step n = 2 is trivial

induction step

Assume:
S, =9-3""243.(—1)"2
To show:
Spy1=9-3""143. (-1t
Sk+1 =28 +3Sk1 by part a)
=2(9)3""2 4+ 2(3)(—1)""2 + 3(9)3" 3 + 3(3)(—1)"3 by induction hypothesis
= 2(9)3"72 +2(3)(—1)""2 4 (9)3"72 + 3(—1)(3)(—1)"2 by basic algebra
= (24+1)(9)3"2 4 (2 — 3)(3)(—1)"2 by basic algebra

=(3)(9)3" * + (=1)B)(-1)"?
=(9)3" 1+ (3)(-1)~ ! as was to be shown.



