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Introduction

Sensitivity Calculation

* Direct calculation: One simulation for each
perturbation (Can work for multiple obj.
functions).

* Adjoint network: One simulation for many
possible perturbations (Work for one obij.
function).



Tellegen’s Theorem

Tellegen’s Theorem: For a vector of branch
voltages and branch currents, we have

VbT]b — VbT[b — VbT[b — VbT]b =0

Note that the branch voltages V,, V,, and branch
currents I, I, obey the KVL and KCL.



Tellegen’s Theorem
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Tellegen’s Theorem (con’t)

. V,1,=0
EI =0 -
le 3 ~ B fi2
I 1 00 0 0]i,
4 =1 0 1 0 0 0iy
0 -1 0 1 1 0|,
28 4 0 0 0 0 -1 1]i,
= _i40_

V1, =[E,] 1,=V]EL, =0

o o O O




Tellegen’s Theorem (con’t)

. V' =0

Example: Two circuits with the same topology
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Tellegen’s Theorem (con’t)

. V' =0

Example case: Two circuits with the same topology
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Resistive Network

* Objective Function

Y= kavk + ngik

keA keB
— Set A: branch voltages (i = 0)
— Set B: branch currents (v = 0)
e Sensitivity Calculation

Q YVkeD
OR,

— Set D: resistances




Example of Sensitivity Calculation

Given a circuit

The objective function
(e.g.)y =v, + 2i, + 4i,



Adjoint Network for Resistive Network

Y= kavk + ngik

keA keB

original network adjoint network

~ 7 T ~ . ~ ~ . ~ ~ . ~
Vi 1, =V, 1, :Z(vklk_Vklk)+z(vklk_vklk)+2(vklk_vklk)
keA keB keD
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Adjoint Network for Resistive Network
(con’t)

For set A (branch voltage),

original network adjoint network
fx
+ —_—
o Vv, o o—@—o

v, where ik =0 [, = —f, where ¥ is unknown
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Adjoint Network for Resistive Network
(con’t)

For set B (branch current),

original network adjoint network
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i, wherev, =0 v, =g, where i, 1s unknown
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Adjoint Network for Resistive Network

J
(con’t)
For set D (resistance),
original network adjoint network
R+AR R
o—/\VWV\W—o o—/VVWA\—oO
v, =(R, +AR,)xi, v, =1,R,
\ J

|

ﬁk ik — Vg ik = ikRkik — ik(Rk + ARk) Zk = _ik ARk Zk



Put it together...

VbT]b _VbTib = Z(ﬁkik _vkgc)+2(‘7kik —Vii )+ Z(ﬁkik —v,1,)=0

C keA keB keD
kaVk + nglk = ZlkARklk
keA keB keD
Y '
y
_ 8_y _
OR
oy .

. dy ~ .
——=| where — = 1,1
OR 6Rk k*k

| OR,, |
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Dynamic System

* Objective Function

y=2 [ fiew (dt+Y [ g, ()i ()t

ked g keB

— Set A: branch voltages
— Set B: branch currents

e Sensitivity Calculation

e ay

—— VYkeD
| OR,
882’} VkeE T
L9C; [ 9,(T =03, () =, (i, (T —)dt = 0
0

— Set D: resistances
— Set E: capacitances

(We omit L here which is similar to C)



Adjoint Network for Dynamic System

original network adjoint network

Ziﬁb(T_t)ib(t)_Vb(t)iNb(T—t)dt =

.Tﬁk(T_t)ik(t)_Vk(t)iNk(T—l‘)dt =0

keA,B,D.E



Adjoint Network for Dynamic System
(con’t)

For set A (branch voltage),

original network adjoint network
S (T- 1)

o vft) o o_@_o
\ \
v, (1) wherei (1)=0 (T —1t) = —f (D)
\ where Uy (t) is unknfwn

|
_T[i?k (T —0)i, ()= v, ()i, (T —1)dt = j £, (£)v, ()t




Adjoint Network for Dynamic System
(con’t)

For set B (branch current),

original network adjoint network
. g,(T-t)
i(t) ( )
O >0 o—

i, (t) wherev, (1)=0 Vv (T—1)=g,(t) wherei, (t) is unknown

\ J
1

}ﬁk (T —10)i, (1) — v, )i, (T —t)dt = j g, (2)i, (t)dt




Adjoint Network for Dynamic System

V4
(con’t)
For set D (resistance),
original network adjoint network
R+AR R
o—/\VV\W\—o o—/\VVVW\—o
N v (£)=(R, + AR, )xi, (1) ANRAGEAGLS
\ J
|

iﬁk (T = 1)i, (1) = v, ()i, (T —t)dt = j i (T —)Ri () ~i,(t)(R, + AR, )i, (T —t)dt

= —Tik (1)AR, (T —1)dt

0



Adjoint Network for Dynamic System

J
(con’t)
For set E (capacitance),
original network adjoint network
C+AC C
|| o || o
i i

AN N

v, (t) where i (t)dt=(C, +AC,)dv,(¢) v, (t) wherei, (t)dt=Cdv,(¢)



Adjoint Network for Dynamic System
(con’t)

For set E (capacitance),

]:ﬁk(T_t)ik(t)_vk(t)i;(T_t)dt

|

\

(T =0i (1) = [F(T =0)[C, +AC, ] dv, (¢)
=[5 (T =1)Codv, () +[ 5,(T =) AC,dv, (1)

0 0

/

jﬁk (T —0)Cydv, (1) = (T ~)Cv, (1)|._, —j.vk ()dE (T -1)C,)

0

cancellation

r
=V (0)C v (T) = v, (T)C, v, (0) _J‘vk O)d(, (T -)C,) by initial setting
0

SEBy (5T 19, () vy (00, (T 0t =5, (T)C, O, 0)+ [ 3T~ )AC b, (o)
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Put it together...

Zj:ﬁb(T_t)ib(t)_Vb(t);b(T_t)dt_ j- (T =0)i, () —v, ()i (T —1t)dt =0

b 0 keABDE
C T

V= Z_“Zk(t)lk(T_t)Adet+ka(T)Ckvk(O)_Zj“’;k(T_t)ACk(t)‘}k(t)dt

keD o keE keE ¢

Initial voltage, v, (0), of capacitor k
remains fixed when parameters R;, C;
‘ vary. Thus, this term is not relevant to

. the sensitivities.

oy
e ! i )i (T-t)dt  VkeD

oy I :
Eal ! 5 (T -1y, (H)dt VkeE
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Conclusion

* Adjoint network can derive sensitivities of all
parameters for one objective function.

* The integration traces backward on the time
domain for the dynamic adjoint network.

* The derivation uses Tellegen’s theorm which
depends upon the circuit topology only.
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