CSE 245: Computer Aided Circuit
Simulation and Verification
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Nonlinear Equations

Given system equations + Integration
mechanism, we have g(V) =1

— Solve g(V) = I equivalent to solve
fW,)=gWV)—-1=0

Hard to find an analytical solution for

fv,1) =0

Solve iteratively
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Nonlinear Problems - Example

O

I, @ I \ Id\_ — 1, -1 (e% ~1)=0

O

Need to Solve

K1,,+1d—11:0
1 é
e+l (e~ =1 =0 ) c)-/,
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Nonlinear Equations - Iterative Methods

Start from an initial value x?°
Generate a sequence of iterate
x®=1 x%, x**1 which hopefully
converges to the solution x*

Iterates are generated according to
an iteration function F:x**1 = F(x*)

Ask
 When does it converge to correct solution ?
« What is the convergence rate ?
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Newton-Raphson (NR) Method

Consists of linearizing the system.

Want to solve f(x) = 0 - Approximate the function
with manageable expressions (Taylor expansion).

fx) =fE)+Vf)'(x"—x) + - =0.
We replace x* with x*¥*1, and derive from x*:
Flxk+1) = £(x%) + vf(xk)T(xk+1 —xk) =0
Thus, we have
okl = ok vf(xk)_Tf(xk)
At each step, we evaluate f(x*) and Vf(x*)™"
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Newton-Raphson Method - Graphical view

f(@) + f'(=")(z — z°)
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Newton-Raphson Method - aigorithm

Define iteration
Do k=0 to....

S df (x*) _ (x5
dx

until convergence

[0 How about convergence?

0 An iteration {x(®} is said to converge with order q if

there exists a vector norm such that for each k > N:
k+1 q

*

|xR*L — x*) < |xk —x
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Newton-Raphson Method - convergence

A simplified case that f(x) € R

df (x") , - d”f(X)

O: i — k -+ — + —
f(x)=/f(x") » (x —x") > 72 (x —x")
\_ )
Y
But Mean Value theorem

truncates Taylor series
k
df (x )(xk+1 — x5
dx

0= f(x")+

by definition of the
Newton-Raphson method
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Newton—Raphson Method - convergence

Subtracting df (x) (4 5 = d* (%) (x' —x")

dx 2dx”
Dividing through

k -1
X = df(;c )] d2f (%) /dx?(xk — x*)°

21 d

Thus, we have |x*t1-x*|< K|x*—x*|?,
where K= %[df(x") /dx]"1d2f (%) /dx?

Convergence is quadratic
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Newton—Raphson Method - convergence

Local Convergence Theorem

If

a) g |

i bounded away from zero
r - K is bounded

2
D) d ]; bounded
dx

Then Newton’s method converges given a
sufficiently close initial guess (and
convergence is quadratic)
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Newton—Raphson Method - convergence

Example 1

Zj;(x )=2x"

22 (x =2t = —((xk ) ‘1)
2 (x =X )+ 2x" (x —x") = _((xk )2 -(x )2)

1
Hex) = o ()
2x" Convergence is quadratic
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Newton—Raphson Method - convergence

Example 2
-1
df Note : (afj not bounded
L (x)=2x" dx
dx away from zero

= 2x (X' = 0) = (x* = 0)

xk”—O:l(xk—O) for x* #x =0
2

%k 1 E S
or (X, — X ):E(Xk_x )

Convergence is linear
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Newton—Raphson Method - convergence

Example 1,2

10"

100 |

10" |

-2
10

" | Residual, |

10°

10°

10—10 |

10'12 I 1 I 1 1 I I 1
0 2 4 6 8 10 12 14 16 18

lteration k
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Newton-Raphson Method - convergence

Initial Guess,

Repeat {

+ Untal ?

ka“ —xF H < threshold ?
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Newton—Raphson Method - convergence

Convergence Check

Need a "delta-x" check to avoid false convergence
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Newton—Raphson Method - convergence

Convergence Check

Also need an "f (x)" check to avoid false convergence
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Newton—Raphson Method - convergence

We require that 2® be “close” to the solution =*
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http://web.mit.edu/deepak/www/Newton/newton2.html

Newton—Raphson Method - convergence

Local Convergence

Convergence Depends on a Good Initial Guess

-
-
-
- s
- ~”
- ~
- ”
1 f’ ”
X = ”~
— < o— X
7 XO
7’
V4
g >

1
May 25, 2023 19 courtesy Alessandra Nardi UCB



Newton—Raphson Method - convergence

Local Convergence

Convergence Depends on a Good Initial Guess

Example:

oscillation

‘ converges to o

/

= A ' -
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Nonlinear Problems - Multidimensional Example

b Nodal Analysis

A AtNode 1:7,+i, =0

+ -+
= g(vl)Jrg(v1 —v2)= 0
b b
Vi Vi
— Nonlinear —
Resistors Two coupled
j = g(v) nonlinear equations

In two unknowns
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Multidimensional Newton Meth

Problem: Find x* such that F(x*) = 0,
where x* € RY and F:RY - RV

F(X)=F(x)+J(x )(x—=x") Taylor Series
| OF,(x) OF, (x)
Ox, N OX
J(x)= : : Jacobian Matrix
ory (x) OFy (x)
Ox, N OX

= x" =x" =TT F(H) Iteration function
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Multidimensional Newton Method

Computational Aspects
Iteration: x"™' =x" = J(x") ' F(x")
Do not compute J(x“)™ (itis not sparse).
Instead solve:  J(x")(x*" —x") =-F(x")
Each iteration requires:
1. Evaluation of F(xk)

2. Computation of J(x¥)

3. Solution of a linear system of algebraic
equations whose coefficient matrix is J(x¥)
and whose RHS is -F(xk)
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Multidimensional Newton Method

Algorithm

Initial Guess,

Repeat {

k+1 k
X = x|, small enough

' Until |

May 25, 2023 25 courtesy Alessandra Nardi UCB



Multidimensional Newton Method

Local Convergence Theorem

If

Then Newton’s method converges given a
sufficiently close initial guess (and
convergence is quadratic)
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Application of NR to Circuit Equations

Companion Network

0 Applying NR to the system of equations we find
that at iteration k+1:

B all the coefficients of KCL, KVL and of BCE of the

linear elements remain unchanged with respect to
iteration k

B Nonlinear elements are represented by a linearization
of BCE around iteration k

= This system of equations can be interpreted as the
STA of a linear circuit (companion network) whose

elements are specified by the linearized BCE.

May 25, 2023 27 courtesy Alessandra Nardi UCB



Application of NR to Circuit Equations

General procedure: the NR method applied
to a nonlinear circuit whose egns are
formulated in the STA form produces at
each iteration the STA egns of a linear
resistive circuit obtained by linearizing the
BCE of the nonlinear elements and leaving
all the other BCE unmodified

After the linear circuit is produced, there is
no need to stick to STA, but other methods
(such as MNA) may be used to assemble
the circuit egns
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Application of NR to Circuit Equations

Companion Network — MNA templates

e+
+ +
= companion
v = v ;GOG)IG netw%rk
- &

et e RHS
+ GO _GO _Id
- -GO GO +Id

Note: G, and I, depend on the iteration count k
= G,=G (k) and I =I (k)
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Application of NR to Circuit Equations

Companion Network — MNA templates

+ ¢ current
o = 0. o controlled
? v =r(i) — v@ r(i) - i nonlinear
'ﬁ} V = r(|0)+r!(|_|0) {g resistor
<
-9
et e | RHS
+ +1
- -1
BE | +1 -1 o | r(i%)-ri
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Application of NR to Circuit Equations

Trapezoidal Integration (assuming u=0)
X(t+h)=x(t)+h/2(f(t+h)+f(t))
X(t+h)
=x(t)-h/2(C(t+h)1G(t+h)x(t+h)+C(t) 1G(t)x(t))
Thus, we have
(3C(t+h)+G(t+h))x(t+h)=

(3C(t+h)-C(t+h)C(t) 1G(t))x(t)
For each capacitor, ¢, the equivalent circuit has
current source igq= Ec(t+h)vc(t) +c(t+h)/c(t) i(t)

in parallel with conductance Jeq= —c(t+h)
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Modeling @ MOSFET (MOS Level 1, linear regime)

4y

lgs = (W/L) K (Vgs - Vi - Vge/2) Vs ‘
lgs = IdS(VgS’ Vs) g |

S

for simplicity, assume V; is constant independent
of Vi
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Modeling @ MOSFET (MOS Level 1, linear regime)

]
Choose source as reference node

dl e W |
—avgs =0n = (fjk Vs Vgs > Vi,

Vgs < Vgs - Vi

ol W) |
BVLZS =0ds = (f)k (Vgs = Vi—Vgs)

Linearized Model (Companion Model)

Kk K k
q I'=1"gs - ImV'gs -V ds
g

«
/\\/

ds
= @ | ey e ey | RHS
+ = d | 9ds | “9dsOm | 9m | -l

“Ods | 9dst9Im | "Im |

/ AN

ImVgs g
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DC Analysis Flow Diagram

0

choose x

=

Linearize Nonlinear
Elements

Y

Assemble Circuit
Equations of Complete
Network

Y

Solve

No +

——1 Converged ?

* Yes

For each state variable in the system
convergence: J

”x(k+1)—x(k)| SEA +

e minflx*+ D [x®l

r

ep for voltages
VNTOL = 1V

ep for currents
ABSTOL = 1pA

e, = relative error
RELTOL = 1073
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Implications

Device model equations must be continuous
with continuous derivatives (not all models do
this - - be sure models are decent - beware of
user-supplied models)

Watch out for floating nodes (If a node
becomes disconnected, then J(x) is singular)

Give good initial guess for x(0)

Most model computations produce errors in
function values and derivatives. Want to have
convergence criteria || x(k+1) - x(k) || < ¢ such
that ¢ > than model errors.
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Improving convergence

Improve Models (80% of problems)

Improve Algorithms (20% of
problems)

J

Focus on new algorithms:
Limiting Schemes
Continuations Schemes
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Improve Convergence

Limiting Schemes
B Direction Corrupting

B Non corrupting (Damped Newton)

[0 Globally Convergent if Jacobian is
Nonsingular

O Difficulty with Singular Jacobians

Continuation Schemes

B Source stepping
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Multidimensional Newton Method

Convergence Problems — Local Minimum

Local
Minimum

8f:0

At a local minimum, —
ox

Multidimensional Case: J, (x) is singular
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Multidimensional Newton Method

Convergence Problems — Nearly singular

f(x)

Must Somehow Limit the changes in X
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Multidimensional Newton Method

Convergence Problems - Overflow

f(x)

Must Somehow Limit the changes in X
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Newton Method with Limiting

Newton Algorithm for Solving F ( x) =0
v"= Initial Guess, & = 0
Repeat {

Solve J, () Ax**! = ~F (x*) for Ax*"
¥ = x* 4 limited ( Ax"')
k=k+1

' Until [ax""|,

s

small enough

May 25, 2023 42 urtesy Alessandra Nardi UCB



Newton Method with Limiting
Limiting Methods

* Direction Corrupting fimited (Ar)  Avt
| AxEif [Ax <
limited (Ax"") = u i A <y /v.
| 7Sign(Axl.k“) otherwise /4
* NonCorrupting

limited (Ax"" ) = aAx""

A k+1
limited (Axl‘” ) N
5 3
o = min- 1, T ¥
AXx

Heuristics, No Guarantee of Global Convergence
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Newton Method with Limiting

Damped Newton Scheme
General Damping Scheme

Solve

k+1
x —

y (xk )Axl‘+1 = —F(xk) for Ax*"'

x" o A

Key Idea: Line Search

Pick a* to minimize F(xk +akAxk“)

Met

2

2
2

F(xk +a " A" = F(xk + o Ax* )T F(xk +05kAxk+l)

2

hod Performs a one-dimensional search in
Newton Direction
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Newton Method with Limiting

Damped Newton — Convergence Theorem
If

Then
There exists a set of &"'s € (0,1] such that

HF(xk”) = HF(xk +akAxk”) < 7/HF(xk )H with y<1

Every Step reduces F-- Global Convergence!
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Newton Method with Limiting

Damped Newton — Nested Iteration

v"= Initial Guess, & = 0
Repeat {

SOIVG JF (xk )Axkﬂ =_F (Xk) fOI' Axkﬂ
Find o' e (0,1] such that HF(xk +akAx"+1) is minimized
xk+1 _ xk _|_a/chk+l
k=k+1

} Until |Ax*

Ia (xk+1 )

small enough

S
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Newton Method with Limiting

Damped Newton — Singular Jacobian Problem

-“‘
.
a®
a®
a®
a®
a®
a®
-“‘
g8"%

Dampdgd Newton Methods “push” iterates to local minimums
Finds the points where Jacobian is Singular
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Newton with Continuation schemes

Basic Concepts - General setting
Newton converges given a close initial guess

— Idea: Generate a sequence of problems,
s.t. a problem is a good initial guess for the
following one

B Construct and solve
F)=0-> %0 =0

& Starts the continuation

< Ends the continuation

<Hard to insure!
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Newton with Continuation schemes

Basic Concepts — Template Algorithm
Solve 7 (x(0),0), x(4,,,)=x(0)
04=0.01, 4 =04
While 4 <1 {

X (/1) :x(/lp,,ev)
Try to Solve £ (x(4),) =0 with Newton

If Newton Converged
(A )=x(2), A=A+064, 6A=20A
Else |

OL=—0A, A=A +0A
2 prev

j
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Newton with Continuation schemes

Basic Concepts — Source Stepping Example
Source Stepping

Assume source vector S. Multiply by a param-
eter a, 0<a<1, to yield S(a) = aS. Vary «
from O to 1 and solve at each o. Circuit solu-
tion is one where o = 1.

Basic Assumptions:

1. Solution is known when oo =0
(generally X = 0)

2. X(a) (solution for source = aS) is con-

tinuous in o) (hence name: continuation

Algorithm: methods)

Start with o’ close to 0. Then X(o') is
close to X(0). use X(0) as initial guess for
Newton iteration. Change o to o” and use
X(a’) as initial guess in Newton iteration
for X(a”). repeat until ol = 1.
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Newton with Continuation schemes

Basic Concepts — Source Stepping Example

f~(V(/1),/l) = Ljiode (V)‘F%(V—/U/S) =0

of (v, 4) _ Oiioae (V) + 1 < Not A dependent!
oV ov R

Source Stepping Does Not Alter Jacobian
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Transient Analysis Flow Diagram

=

* »
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